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o Quark-Gluon Plasma (QGP) is a state of matter where quarks and gluons are no more confined inside hadrons.

o It exists at very temp ( T > 170 MeV) or high baryon densities. 

o QGP is produced in heavy-ions collision experiments (RHIC, LHC) where heavy ion like Au-Au, Cu-Cu etc collide at relativistic 
velocities to produce QGP. 

o Size of QGP is  ~ fm comparable to the typical strong interaction scale.

o QGP is rapidly evolving and small in size where the geometry and boundary conditions are important for theoretical 
understanding and realistic analysis.

o We study the effect of finite size of QGP on the QCD phase diagram using NJL model in spherical geometry and MIT 
boundary condition.

IntroducVon and MoVvaVon
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MIT boundary condition
o Finite volume system requires a shape geometry and proper boundary condi:on.

o Complicated dynamics: QGP medium evolu:on is :me dependent and shape differs event by event.

o Simplifica:on: Spherical geometry containing deconfined QGP and MIT boundary condi:on on the surface.

o MIT boundary condi:on: Normal component ( !") of quark current vanishes at the boundary of the spherical surface.
This mimics the confinement of quarks inside the sphere.
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89:

= 0
o Allowed momentum modes obtained by solving Dirac equa:on.

o Previous studies:
Chernodub et al., JHEP 01, 136 (2017) (fermions in rota:ng cylinder with MIT b.c) 
Zhang et al., Phys. Rev. D 101, 043006 (2020) (NJL Model in a  sphere with MIT b.c) 
Wang et al, Mod. Phys. Le[ A 39,1850232 (2018) (NJL Model with cubic geometry and periodic, an: periodic, swc b.c

Jn

Js

J

3

;<= >? = −@.A"(B)
>

C +E ;<F= >?

[.)&H& −M](I = 0



NJL model 

o Nambu–Jona-Lasinio (NJL): Effec8ve model to study spontaneous breaking of chiral symmetry in QCD             

(SU(2)V× SU(2)A → SU(2)V ) 

o In the mean-field approxima8on, the four-fermion interac8on term generates 

the dressed quark mass: M = m + σ where σ = −2G⟨"̄"⟩

o Vacuum term is regularised by proper 8me  regularisa8on method

o Effec8ve poten8al : 

o Minimize effec8ve poten8al to get M: 
∂Ω(σ)

∂σ
= 0 
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QCD phase diagram

o Lattice QCD - At low !B , QCD transition from confined to deconfined phase is a cross over.

o At high !B , QCD phase transition is a first order phase transition (Effective Models)

o The search for QCD critical point is still actively going on in heavy ion collision experiments
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Fig. 1. (Left) Constituent quark mass ! as a function of temperature (" ) at #= 0. (Right) The derivative $!∕$" . The legend shows the peak position of the $!∕$"
curves, which can be taken as an estimate of "% . (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

Fig. 2. The dependence of the ! vs " curve with volume. Results at #=100 MeV (left), 250 MeV (middle) and 350 MeV (right) are shown. A discontinuous transition 
is seen in the infinite volume system at #=350 MeV.

At high temperatures > 200 MeV the chiral symmetry is restored and the chiral condensate becomes small. Therefore ! becomes 
small, approaching &. In small-volume systems, the crossover region becomes somewhat smoother, but no qualitative change from 
the infinite-volume case is seen in systems as small as a 5 fm sphere. This can be further seen in the right panel of Fig. 1, where the 
derivative $!∕$" is shown. To get this plot, we used a cubic spline interpolation of the ! vs " data of the left plot. The plot shows 
a systematic but moderate reduction in the peak height and broadening of the peak, as the volume is reduced. The peak position is 
an estimate of the crossover temperature "% , which changes very slowly with the radius of the sphere, ' (a 7 MeV shift from infinite 
volume to ' = 5 fm). The chiral susceptibility %& = − (⟨*̄*⟩(& also shows a peak at the chiral symmetry restoration point. The peak 
position is close to the peak of $!∕$" , though not exactly identical at the crossover region, and the volume dependence is similar 
to that seen in Fig. 1. Here we will use the peak of $!∕$" as our estimate for "% . Of course, in the case of a true phase transition 
(as opposed to a crossover), all these observables will show the same transition temperature.

Now we introduce a nonzero quark chemical potential #. For small values of #, the qualitative behavior is very similar to what 
is seen for # = 0. In Fig. 2, we show ! as a function of " at different volumes for three values of #. The temperature and volume 
dependence of ! at #=100 MeV is very similar to that at #=0, as a comparison of the left panel of Fig. 2 with Fig. 1 shows. As 
# increases, the crossover shifts to smaller values of temperature, as expected. Also, we find a stiffening of the transition at larger 
volumes: the smoothing of the transition at small volumes is enhanced. At #=350 MeV, shown in the right panel of Fig. 2, we find a 
discontinuity, indicating a first-order transition, at infinite volume. The first-order nature of the transition can be further ascertained 
by looking at Ω, Fig. 3. At the transition region, a two-minima structure is seen, which is the hallmark of first-order transition, and 
indicates phase coexistence. At this # the transitions are smooth in the finite volume system, even at '=20 fm, though at such a 
large volume it is quite a sharp crossover. We also find here a much more enhanced smoothing of the transition with a reduction of 
volume: while the curve at '= 20 fm indicates a sharp crossover, the one at '=5 fm indicates a smooth behavior. Also, the crossover 
temperature changes much more rapidly here with volume: the transition temperature changes from 47.3 MeV in the infinite volume 
system to 72.2 MeV in the 5 fm sphere.

Before proceeding with the discussion of the investigation of the transition line at higher # at finite volume, let us clarify our 
terminology. In our analysis, the term “first-order transition” corresponds to a two-well structure in the mean-field free energy, 
with well-separated local minima at small and large values of ! , corresponding to the symmetry restored and symmetry broken 
phases, respectively. At the transition point, e.g., (" , #) ≈ (47.3, 350) MeV for the infinite volume case shown in Fig. 3, ! shows a 
discontinuous jump. Such a two-minima structure is associated with phase coexistence, and possible supercooling/superheating in a 
dynamical system. This is what we have looked for, and have referred to as the signature of a first-order transition. Similar structures 
at finite volume are seen at larger # (see Fig. 4).

Beyond mean-field level, we have to include fluctuations. In particular, in a finite volume system, the free energy barrier between 
the two local minima is finite, and there is a nonzero probability for tunneling ∼ exp(−+ ΔΩ∕" ) between them. This will smoothen 
the discontinuity in a static system. However, the tunneling rate is exponentially suppressed in volume. In a fireball which rapidly 
cools through the transition region, tunneling will be insignificant unless the volume is very small. In cases where the mean field 

o At " = 0, chiral symmetry is broken at low temperature (M large) and the chiral symmetry is restored at high 
temperature M -> 0.

o M decreases slightly due to finite volume effect at low temp compared to infinite volume.
But M increases as volume of the system decreases at high temp. 

o At " = 0, chiral symmetry restoration is a crossover from confined phase to deconfined phase.

o Chiral crossover temperature T# estimated from the peak position of the derivative dM/dT. T# increases slightly
when the volume of the system decreases. 6
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Fig. 1. (Left) Constituent quark mass ! as a function of temperature (" ) at #= 0. (Right) The derivative $!∕$" . The legend shows the peak position of the $!∕$"
curves, which can be taken as an estimate of "% . (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

Fig. 2. The dependence of the ! vs " curve with volume. Results at #=100 MeV (left), 250 MeV (middle) and 350 MeV (right) are shown. A discontinuous transition 
is seen in the infinite volume system at #=350 MeV.

At high temperatures > 200 MeV the chiral symmetry is restored and the chiral condensate becomes small. Therefore ! becomes 
small, approaching &. In small-volume systems, the crossover region becomes somewhat smoother, but no qualitative change from 
the infinite-volume case is seen in systems as small as a 5 fm sphere. This can be further seen in the right panel of Fig. 1, where the 
derivative $!∕$" is shown. To get this plot, we used a cubic spline interpolation of the ! vs " data of the left plot. The plot shows 
a systematic but moderate reduction in the peak height and broadening of the peak, as the volume is reduced. The peak position is 
an estimate of the crossover temperature "% , which changes very slowly with the radius of the sphere, ' (a 7 MeV shift from infinite 
volume to ' = 5 fm). The chiral susceptibility %& = − (⟨*̄*⟩(& also shows a peak at the chiral symmetry restoration point. The peak 
position is close to the peak of $!∕$" , though not exactly identical at the crossover region, and the volume dependence is similar 
to that seen in Fig. 1. Here we will use the peak of $!∕$" as our estimate for "% . Of course, in the case of a true phase transition 
(as opposed to a crossover), all these observables will show the same transition temperature.

Now we introduce a nonzero quark chemical potential #. For small values of #, the qualitative behavior is very similar to what 
is seen for # = 0. In Fig. 2, we show ! as a function of " at different volumes for three values of #. The temperature and volume 
dependence of ! at #=100 MeV is very similar to that at #=0, as a comparison of the left panel of Fig. 2 with Fig. 1 shows. As 
# increases, the crossover shifts to smaller values of temperature, as expected. Also, we find a stiffening of the transition at larger 
volumes: the smoothing of the transition at small volumes is enhanced. At #=350 MeV, shown in the right panel of Fig. 2, we find a 
discontinuity, indicating a first-order transition, at infinite volume. The first-order nature of the transition can be further ascertained 
by looking at Ω, Fig. 3. At the transition region, a two-minima structure is seen, which is the hallmark of first-order transition, and 
indicates phase coexistence. At this # the transitions are smooth in the finite volume system, even at '=20 fm, though at such a 
large volume it is quite a sharp crossover. We also find here a much more enhanced smoothing of the transition with a reduction of 
volume: while the curve at '= 20 fm indicates a sharp crossover, the one at '=5 fm indicates a smooth behavior. Also, the crossover 
temperature changes much more rapidly here with volume: the transition temperature changes from 47.3 MeV in the infinite volume 
system to 72.2 MeV in the 5 fm sphere.

Before proceeding with the discussion of the investigation of the transition line at higher # at finite volume, let us clarify our 
terminology. In our analysis, the term “first-order transition” corresponds to a two-well structure in the mean-field free energy, 
with well-separated local minima at small and large values of ! , corresponding to the symmetry restored and symmetry broken 
phases, respectively. At the transition point, e.g., (" , #) ≈ (47.3, 350) MeV for the infinite volume case shown in Fig. 3, ! shows a 
discontinuous jump. Such a two-minima structure is associated with phase coexistence, and possible supercooling/superheating in a 
dynamical system. This is what we have looked for, and have referred to as the signature of a first-order transition. Similar structures 
at finite volume are seen at larger # (see Fig. 4).

Beyond mean-field level, we have to include fluctuations. In particular, in a finite volume system, the free energy barrier between 
the two local minima is finite, and there is a nonzero probability for tunneling ∼ exp(−+ ΔΩ∕" ) between them. This will smoothen 
the discontinuity in a static system. However, the tunneling rate is exponentially suppressed in volume. In a fireball which rapidly 
cools through the transition region, tunneling will be insignificant unless the volume is very small. In cases where the mean field 

o As ! increases, the crossover shifts towards small temp.

o At " = 250 MeV, the chiral transition is still a crossover.

o For large ", the crossover transition become stiffer for larger volumes.
At " = 350 MeV, discontinuity in M says that  it is a first order phase transition for infinite volume. But it is still 
crossover for finite volume.

Chiral transition at finite !
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Effec&ve poten&al for first-order phase transi&on:
o The nature of phase transi&on can be also be studied from the shape of effec&ve poten&al.

o Two local minima structures with equal depths signal a first order phase transi&on. 
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Fig. 3. The thermodynamic potential, Ω∕Λ4
UV , in the transition region at !=350 MeV for an infinite volume system. A small (irrelevant) additive constant Ω =

∓0.0001 Λ4
UV has been added to the potentials at T=44 and 50 MeV, respectively, for better viewing. The figure indicates a first-order transition at " ≈ 47.3 MeV.

Fig. 4. The mean-field thermodynamic potential in the transition region at "=20 MeV for infinite volume (left) and for spheres of radius 20 fm (middle) and 10 fm 
(right), showing a two-well structure down to a sphere of #=10 fm.

Fig. 5. The shift of the chiral crossover line in the (" ,!) plane with system size. In the inset the large ! part is enlarged, highlighting the first-order region.

free energy shows a two-minima structure and a discrete jump at the transition, we will expect interesting phenomena, related to 
the features of a first-order transition, at the transition point (see also Ref. [15]). Therefore, the two-well structure of the mean-field 
potential, Ω, is of actual physical interest, and we will loosely use terms like first-order line, phase coexistence etc. to refer to such 
a structure even in a finite volume system. An analysis of the dynamics at discontinuity in a finite volume system has been done in 
Ref. [32].

In Fig. 4, Ω is shown at "=20 MeV for different volumes. We find a two-well structure in Ω even at #=10 fm. Note also the 
range of ! over which this structure is seen (we loosely refer below to this region as the coexistence region). A shift of the transition 
to higher ! is seen with the reduction in volume; at the same time, a weakening of the double-well structure (and a shrinking of the 
coexistence region) is seen. At this temperature, we do not find a discontinuous transition in the 5 fm sphere, but as we go further 
down to "=0 we find a discontinuous transition in all our systems.

Our finding of the transition line in the (" , !) plane is summarized in Fig. 5. The dashed line corresponds to the smooth crossover 
region, whereas the solid part of the line at small " indicates the region where the mean field effective potential behaves like a first 
order transition. We find a shift of the crossover line towards larger values of ! as the system size is reduced. The shift is mild for 
systems with radii as small as 10 fm, but a more significant shift is seen for the 5 fm sphere.

A more significant volume dependence is found when we investigate the first order transition region at low temperatures. This 
part is shown more clearly in the inset. As the figure shows, the coexistence region in the mean field potential is pushed down to 
lower values of " as the system radius is decreased. The dotted lines around the first order line in the inset indicate the estimate of 
the boundary of the coexistence region. This region shrinks quite strongly as the system size is reduced.

o As volume decreases, the chiral transi&on occurs at higher chemical poten&al for the same temp.



QCD phase diagram with finite volume

o At very low temp, phase transi:on is first order for all system sizes. 

o Shi? of the phase transi:on (solid lines) towards larger μ is significant as volume is reduced.
o
o Shi? of the crossover (dashed lines) for small μ is rela:vely milder. 

o Coexistence region shrinks for smaller volumes and shi?ed towards lower T
(doGed lines indicate boundary of coexistence regions). 
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free energy shows a two-minima structure and a discrete jump at the transition, we will expect interesting phenomena, related to 
the features of a first-order transition, at the transition point (see also Ref. [15]). Therefore, the two-well structure of the mean-field 
potential, Ω, is of actual physical interest, and we will loosely use terms like first-order line, phase coexistence etc. to refer to such 
a structure even in a finite volume system. An analysis of the dynamics at discontinuity in a finite volume system has been done in 
Ref. [32].

In Fig. 4, Ω is shown at "=20 MeV for different volumes. We find a two-well structure in Ω even at #=10 fm. Note also the 
range of ! over which this structure is seen (we loosely refer below to this region as the coexistence region). A shift of the transition 
to higher ! is seen with the reduction in volume; at the same time, a weakening of the double-well structure (and a shrinking of the 
coexistence region) is seen. At this temperature, we do not find a discontinuous transition in the 5 fm sphere, but as we go further 
down to "=0 we find a discontinuous transition in all our systems.

Our finding of the transition line in the (" , !) plane is summarized in Fig. 5. The dashed line corresponds to the smooth crossover 
region, whereas the solid part of the line at small " indicates the region where the mean field effective potential behaves like a first 
order transition. We find a shift of the crossover line towards larger values of ! as the system size is reduced. The shift is mild for 
systems with radii as small as 10 fm, but a more significant shift is seen for the 5 fm sphere.

A more significant volume dependence is found when we investigate the first order transition region at low temperatures. This 
part is shown more clearly in the inset. As the figure shows, the coexistence region in the mean field potential is pushed down to 
lower values of " as the system radius is decreased. The dotted lines around the first order line in the inset indicate the estimate of 
the boundary of the coexistence region. This region shrinks quite strongly as the system size is reduced.
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Net quark number density

Net quark number density
• Baryon number density (nB) and its susceptibilities are related to

experimentally determined quantities (e.g., cumulants ratio), especially

important at high µB near the first-order line and its end-point.

• Quark number density (n = 3nB) shows volume dependence in the

crossover/transition region.
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• Rise of n milder at low µ, sharper crossover for high µ for larger volumes,

eventually phase (discontinuous) transition.

• Asymptotic limit ⇠ µT 2 (free theory) reached at su�ciently large T .
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o The baryon number density (nB) and its susceptibilities are related to experimentally determined quantities 
(e.g., cumulants ratio), especially important at high μB near the first-order line and its end-point. 

o Quark number density (n = 3nB ) shows volume dependence in the crossover/transition region. 

o At low ! ≤ 100 MeV , the volume dependence of n is small except in the crossover region (150 MeV ≤ T ≤ 200 MeV).
o n increases as temperature increases and reaches its asymptotic behaviour ~ ! T2 at high temperature.
o Crossover is sharper for high ! and larger volume. At ! = 350 MeV, infinite volume system shows discontinuous first 

order phase transition.
o But finite volume system still shows a sharp crossover 
o For high !, asymptotic limit ~ !T2 reached at low T

Nuclear Physics, Section A 1054 (2025) 122981
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Fig. 6. The quark number density (!) as a function of " on a system of different sizes (with MIT b.c.), at a quark chemical potential # of 100 MeV (left), 250 MeV 
(middle) and 350 MeV (right).

4. Number density and quark number susceptibility

The chiral condensate ⟨%̄%⟩ and, equivalently, the constituent mass & are good order parameters for tracking the chiral transition. 
They are, however, not directly connected to an experimental observable. The baryon number density (!' ) and susceptibilities of the 
baryon number operator are, on the other hand, related to experimental observables. In particular, they are of great interest in the 
large #' regime, where one looks for the first order transition line and its endpoint.

At the mean-field level the quark number density (! = 3!') is simply calculated as

! = ()
(#

= 2*+*, ∫ -3.
(2/)3

[
!0 (1 − #;" )− !0 (1 + #;" )

]
, (8)

where !0 is the Fermi distribution, !0 (2; " ) =
(
3
2
" + 1

)−1
. We start with an investigation of the effect of finite volume on ! in the 

crossover region. In the left panel of Fig. 6, we show the temperature dependence of ! at #=100 MeV. At small values of # ≲ 100
MeV, the volume dependence of the number density is small except in the crossover region (150 MeV ≤ " ≤ 200 MeV). ! is small 
at small temperatures, and then rises and reaches its asymptotic behavior ∼ #" 2 at high temperatures. In the crossover zone, we see 
some volume dependence: the rise of ! is milder at smaller volumes. This behavior gets further amplified as we go to higher values 
of #, where the crossover becomes sharper. In the middle panel of Fig. 6 we show the results for #=250 MeV, still in the crossover 
region. Since the crossover is now sharper, ! increases much more sharply across the transition line at larger volume systems. As we 
enter the chirally symmetric phase, the temperature is still not sufficiently high to show the asymptotic ∼ #" 2 behavior. As we go 
to even higher values of #, we reach the first-order region, where ! shows a discontinuous jump across the transition. This is seen in 
the infinite volume case of the right panel of Fig. 6 (#=350 MeV). The MIT sphere system has a smooth crossover at this value of #
for 5 ≤ 10 fm, while the 20 fm sphere is close to a transition, as is also seen in Fig. 5. The behavior of ! above the transition is quite 
different at such a large value of #, as the #4 term starts dominating.

The quark number density, and the nonlinear quark number susceptibilities which are higher-order derivatives of the free energy, 
are very interesting observables, especially for the critical point search. The nonlinear susceptibilities are defined as derivatives of 
the pressure () ) with respect to the quark chemical potential. Similar susceptibilities of other conserved quantities like charge or 
strangeness can also be constructed, but here we will concentrate on the quark number susceptibilities or equivalently, baryon number 
susceptibilities. The 6th order susceptibility 76 is defined as,

76 =
(6 )
( #6

= (6−1 !
( #6−1

. (9)

The behavior of 76 can be inferred from the # dependence of !, as sketched in the left panel of Fig. 7. At a fixed temperature, !
increases with #, with a rapid rise in the transition region. For a sufficiently high temperature " > "+ , the critical temperature, one 
has a crossover. 72 therefore shows a moderate peak in this region. As the volume decreases, one expects a smoother crossover; 
therefore the peak height decreases. This behavior is seen in our calculated 72 at different volumes; in the right panel of Fig. 7, we 
show the results at # = 250 MeV, which is in the crossover region. Note also that the peak position has shifted slightly with volume. 
This is because of the shift of the crossover line, seen in Fig. 5.

As one goes to lower temperatures, the crossover becomes steeper and eventually one approaches the critical point, where the 
72 peak is expected to diverge. In Fig. 8 we show 72 in the low temperature region of the (" , #) plane, for MIT spheres with 5=10 
and 5 fm. To obtain the curves, we calculated !8 at a large number of closely spaced values of #, fitted a cubic spline, and took 
its derivative. We also checked that the values agreed with 72 calculated directly at various points. As we see, the 72 peak height 
increases as one approaches the critical point. As we discussed in Section 3, the mean field effective potential shows a critical point 
also for the finite volume systems. This critical point was seen in Fig. 5 to move to lower temperatures with decreasing volume. The 
major volume effect seen in Fig. 8 is related to this shift in the critical point with volume. While the critical point in the infinite 
volume system appears at " ≈ 60 MeV, for the 10 fm sphere one only has a smooth crossover at this temperature. The critical point 
at this volume shows up at " ≈ 42 MeV, where the height of the 72 peak is maximum. At lower temperatures, one has two separate 
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Quark number suscep.bili.es 

o Non-linear suscep.bili.es of conserved quan..es (e.g., baryon number) are sensi.ve for cri.cal point search. 
o Suscep.bili.es of kth order are defined as

Quark number susceptibilities (�2)
• Non-linear susceptibilities of conserved quantities (e.g., baryon number) are

sensitive for critical point search.

• Fluctuations in susceptibilities (related to cumulants) obtained by

higher-order derivatives of pressure w.r.t. µ.

�k =
@k P
@ µk

=
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• Peak height decreases (also slightly shifted) with volume in the transition

region, smoother crossover for smaller volumes.

• �2 peak is highest at the critical point. [Tc ⇡ 42 MeV (10 fm), Tc ⇡ 20

MeV (5 fm)], shifts Tc to lower values as volume decreases.
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Fig. 7. (Left) Sketch of the ! dependence of the number density " as well as the quark number susceptibilities. The dashed lines show the behavior in the crossover 
region, at a temperature # > #$ , the critical temperature. The solid lines correspond to a temperature # < #$ , where one has a first order transition. (Right) The quark 
number susceptibility %2 as a function of # on a system of different sizes (with MIT b.c.), at a quark chemical potential !=250 MeV, which is in the crossover region.

Fig. 8. %2 across the chiral transition line for # ≲ 60 MeV, which is the first order transition region for the infinite volume system. Shown are results for spheres of 
radii 5 and 10 fm.

phases at the transition: we calculate %2 separately for the two phases, which show moderate values. The end point of the two-state 
transition happens at an even lower temperature for the 5 fm sphere, shifting the highest %2 peak to # ≈ 20 MeV.

It has been suggested [33,34] that the higher-order susceptibilities are a better probe for the critical region. In particular, %3 [35]
and %4 [36,37] show very interesting structures in the critical region, and these structures become smoother rapidly with decreasing 
volume. The behavior of %3 across the crossover region has also been sketched in the left panel of Fig. 7. %3 has a peak to the lower 
! side of the transition line, then changes sign and shows a dip in the higher ! side. These peaks and dips become sharper as one 
approaches the critical point.

In the left panel of Fig. 9, we show the contour plot of %3 calculated on a 10 fm sphere in the region 40 ≤ # ≤ 60 MeV, which is 
the region between the critical points on 10 fm and infinite volume systems. The qualitative behavior of %3 seen in the figure is as 
sketched in Fig. 7. %3 shows a peak as one approaches the transition region from the low ! side, then changes sign at the transition 
line and takes a large negative value just after the transition line, before becoming small again. The peak height and the valley depth 
increase as one approaches the critical region for this volume. Note that the structure for the 10 fm sphere is quite mild at #=60 MeV, 
which is close to the critical region for the infinite volume region. Similarly, for the 5 fm sphere, the peak and the valley are mild at 
#=40 MeV (compare the scales), but become steeper as one goes to lower temperatures, towards the endpoint of the discontinuity 
line for this volume.

In the case of a conventional boundary condition like the antiperiodic one, the shift of the endpoint of first order line is insignificant 
for a box of size 5 fm or higher (see Appendix B), and the change in the magnitude of the %2 peaks is due to the smoother nature 
of the transition at smaller volumes. As Fig. 8 and Fig. 9 show, here the major effect on the peak structure is due to the shift of the 
transition point. While our calculation is only at the mean field level, we believe this effect needs to be kept in mind when looking 
at the volume dependence of the baryon number cumulants (which are closely related to the susceptibilities).

5. Summary of results and conclusion

The QCD phase diagram has been the subject of intense theoretical and experimental investigation for a few decades. The phases at 
small values of !' and the crossover line are well-understood from non-perturbative numerical studies of QCD using lattice discretiza-
tion. The phase diagram at large values of !' has to be studied using effective models of QCD. In particular, the Nambu Jona-Lasinio 
model in its different variations has been widely used to study the phase diagram in the (# , !'

) plane. On the experimental side, the 
phase diagram is studied by creating a strongly interacting medium at high temperatures and chemical potential in ultrarelativistic 

o Peak height decreases with decreasing volume.
o Peak is also shifted slightly to higher temperature for smaller volumes (smoother crossover for smaller volumes). 
o The critical point is taken where χ2 peaks [Tc ≈ 42 MeV (10 fm), Tc ≈ 20 MeV (5 fm)], Tc decreases as volume decreases. 
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Fig. 7. (Left) Sketch of the ! dependence of the number density " as well as the quark number susceptibilities. The dashed lines show the behavior in the crossover 
region, at a temperature # > #$ , the critical temperature. The solid lines correspond to a temperature # < #$ , where one has a first order transition. (Right) The quark 
number susceptibility %2 as a function of # on a system of different sizes (with MIT b.c.), at a quark chemical potential !=250 MeV, which is in the crossover region.

Fig. 8. %2 across the chiral transition line for # ≲ 60 MeV, which is the first order transition region for the infinite volume system. Shown are results for spheres of 
radii 5 and 10 fm.

phases at the transition: we calculate %2 separately for the two phases, which show moderate values. The end point of the two-state 
transition happens at an even lower temperature for the 5 fm sphere, shifting the highest %2 peak to # ≈ 20 MeV.

It has been suggested [33,34] that the higher-order susceptibilities are a better probe for the critical region. In particular, %3 [35]
and %4 [36,37] show very interesting structures in the critical region, and these structures become smoother rapidly with decreasing 
volume. The behavior of %3 across the crossover region has also been sketched in the left panel of Fig. 7. %3 has a peak to the lower 
! side of the transition line, then changes sign and shows a dip in the higher ! side. These peaks and dips become sharper as one 
approaches the critical point.

In the left panel of Fig. 9, we show the contour plot of %3 calculated on a 10 fm sphere in the region 40 ≤ # ≤ 60 MeV, which is 
the region between the critical points on 10 fm and infinite volume systems. The qualitative behavior of %3 seen in the figure is as 
sketched in Fig. 7. %3 shows a peak as one approaches the transition region from the low ! side, then changes sign at the transition 
line and takes a large negative value just after the transition line, before becoming small again. The peak height and the valley depth 
increase as one approaches the critical region for this volume. Note that the structure for the 10 fm sphere is quite mild at #=60 MeV, 
which is close to the critical region for the infinite volume region. Similarly, for the 5 fm sphere, the peak and the valley are mild at 
#=40 MeV (compare the scales), but become steeper as one goes to lower temperatures, towards the endpoint of the discontinuity 
line for this volume.

In the case of a conventional boundary condition like the antiperiodic one, the shift of the endpoint of first order line is insignificant 
for a box of size 5 fm or higher (see Appendix B), and the change in the magnitude of the %2 peaks is due to the smoother nature 
of the transition at smaller volumes. As Fig. 8 and Fig. 9 show, here the major effect on the peak structure is due to the shift of the 
transition point. While our calculation is only at the mean field level, we believe this effect needs to be kept in mind when looking 
at the volume dependence of the baryon number cumulants (which are closely related to the susceptibilities).

5. Summary of results and conclusion

The QCD phase diagram has been the subject of intense theoretical and experimental investigation for a few decades. The phases at 
small values of !' and the crossover line are well-understood from non-perturbative numerical studies of QCD using lattice discretiza-
tion. The phase diagram at large values of !' has to be studied using effective models of QCD. In particular, the Nambu Jona-Lasinio 
model in its different variations has been widely used to study the phase diagram in the (# , !'

) plane. On the experimental side, the 
phase diagram is studied by creating a strongly interacting medium at high temperatures and chemical potential in ultrarelativistic 
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Quark number susceptibilities (χ3)
o Higher order susceptibilities are crucial probes for the critical point. 

o Third order susceptibility changes sign along the transition/crossover line, peaks and dips become sharper near the 
critical point. 

o Difference in fluctuations (peak/dip for χ3) compared to χ2 peak is greater as volume is increased from R = 5 fm to R 
= 10 fm. 

o Peak structure modifies due to shift in the first order endpoint with volume. 
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Fig. 10. (Left) Constituent quark mass (!) as a function of temperature (" ) at # = 0 for different boundary conditions. (Right) The transition/crossover line in the 
(" , #) plane for a small system with MIT and antiperiodic boundary conditions, compared with the infinite volume line. In both these figures the MIT boundary 
condition is imposed on a sphere with radius $ =5 fm, while the other boundary conditions use a cubic box with side %= 5 fm.

Fig. 11. Comparison of &, Eq. (B.1), between lattice and MF NJL with APBC.

dependent; in principle, one can use results like those in Appendix A to compare the results from different regularizations. Instead, 
we for simplicity compared the renormalization group invariant quantity:

& ='
[⟨)̄)⟩(%)− ⟨)̄)⟩(%→∞)

]
. (B.1)

The result of such a comparison is shown in Fig. 11. This is a qualitative comparison where the lattice pion is somewhat heavier (≈
200 MeV). Also for the lattice, the % →∞ is replaced by the largest lattice we used. So a precise agreement is not expected. But as 
Fig. 11 shows, the deviation from the full theory at a very small volume is qualitatively captured in the NJL MF result. This gives us 
hope that the results we obtained for the MIT boundary condition, despite the many caveats, qualitatively capture the trend of the 
finite volume effect of a static fireball.

Data availability

Data will be made available on request.
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Comparison with different Boundary conditions

APBC b.c with cubic geometry : Allowed momentum modes (2n+1)!/L

IR cutoff : infrared cutoff !/L on momentum

Finite volume effect is significant for MIT b.c with sphere geometry compared to other b.c in chiral symmetry
broken phase.

The boundary effect is small at high temp symmetry restored phase for all b.c.

The crossover line is shiMed to higher chemical potenNal for MIT b.c as compared to APBC b.c.



Ø Finite volume effects on the QCD chiral phase transi6on is studied using spherical QGP with MIT b.c. in the mean-field 
NJL model framework. 

Ø The effect of the finite size of the QGP on the experimental observables is very crucial for low energy (small QGP system) 
in future experiments - especially looking for a cri6cal point and first-order transi6on. 

Ø The phase transi6on line (and cri6cal point) shows a substan6al shiM with volume. Reduc6on in the  co-existence region 
is observed. 

Ø Number density and its deriva6ves (suscep6bili6es) are sensi6ve to QGP system size. 

Conclusion 

14


