Phenomenological constraints on transport properties of QCD matter
with quantified theoretical uncertainties
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Heavy-ion collisions:
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Many stages of evolution
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- Many stages of evolution involving many theoretical models.
- Physical parameters of model (like specific viscosities) needs to be inferred from data.
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Inconsistent QGP viscosity estimates from different models
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Multi-stage physics model
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Experlmental data: Pb+Pb at 2.76 TeV
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12 observables. 110 observations

SJ, arX1v: 2509.19759

(1) the number of charged hadrons per unit pseudorapidity
dN.n/dn [28]; (i1) the transverse energy per unit pseudorapid-
ity dE7 /dn [29]; (ii1) the number of identified charged hadrons
per unit rapidity dN;/dy, i € {n, k, p} [30]; (iv) the mean trans-
verse momenta of identified hadrons {p7);, i € {m, k, p} [30]; (v)
the two-particle cumulant flow coefficients v,{2} forn = 2,3,4
[31]; (vi) the fluctuation in the mean transverse momentum

opr/{pr) [32].

[28] K. Aamodt, et al., Centrality dependence of the charged-particle mul-
tiplicity density at mid-rapidity in Pb-Pb collisions at +/syy = 2.76
TeV, Phys. Rev. Lett. 106 (2011) 032301. arXiv:1012.1657, doi:
10.1103/PhysRevLett.106.032301.

J. Adam, et al., Measurement of transverse energy at midrapidity in Pb-
Pb collisions at y/syn = 2.76 TeV, Phys. Rev. C94 (3) (2016) 034903.
arXiv:1603.04775,doi:10.1103/PhysRevC.94.034903.

B. Abeley, et al., Centrality dependence of m, K, p production in Pb-Pb
collisions at /syny = 2.76 TeV, Phys. Rev. C88 (2013) 044910. arXiv:
1303.0737,d0i:10.1103/PhysRevC.88.044910.

K. Aamodt, et al., Higher harmonic anisotropic flow measurements of
charged particles in Pb-Pb collisions at +/syy=2.76 TeV, Phys. Rev. Lett.
107 (2011) 032301. arXiv:1105.3865,doi:10.1103/PhysRevLett.
107.032301.

B. B. Abeley, et al., Event-by-event mean py fluctuations in pp and Pb-
Pb collisions at the LHC, Eur. Phys. J. C74 (10) (2014) 3077. arXiv:
1407 .5530,doi:10.1140/epjc/s10052-014-3077-y.

[29]
[30]

[31]

[32]
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D. Everett et al. 2010.03928, 2011.01430
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Model discrepancy framework
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Every theoretical model is an approximation of the
true underlying physics.

Usually, the error of theory is not known quantitatively.
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Model discrepancy framework

= S — — = e ———— —_—

- Every theoretical model is an approximation of the - 0 S 0
. . (x) = nx,0) +
true underlying physics. ‘ , \ I ;
| \ [
Predictions from Predictions from Error of approximate
true theory approximate theory  theory predictions

- Usually, the error of theory is not known quantitatively.

- Therefore, conventional model-data comparison ignores theoretical uncertainty, implicitly assuming the

model is perfect: 0(x) = (. Consequently, inferred parameters can become mere fitting variables, no longer
corresponding to their true physical values.

6/16



Model discrepancy framework
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Every theoretical model is an approximation of the
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Usually, the error of theory is not known quantitatively.

®)

Predictions from
true theory

7(x, 0)

|
Predictions from

approximate theory

-+ l5(x),
v

Error of approximate
theory predictions

Therefore, conventional model-data comparison ignores theoretical uncertainty, implicitly assuming the

model is perfect: 0(x) = (. Consequently, inferred parameters can become mere fitting variables, no longer

corresponding to their true physical values.

Our approach : sJ, C. Shen, R. J. Furnstahl, U. Heinz, and M. T. Pratola, PLB 870, 139946 (2025), arXiv: 2504.13144

= We usually have some qualitative knowledge of the domain of validity of our theories.
Example: “We know the theory is more reliable in this regime than in that one”.

M. Kennedy, A. O’'Hagan
doi:10.1111/1467-9868.00294

J. Brynjarsdottir and A. O’Hagan,
doi:10.1088/0266-5611/30/11/114007

D. Higdon, M. Kennedy, et. al.,
doi:10.1137/51064827503426693

= We use such important, qualitative knowledge of theory error to statistically model o(x).

= Model theory error with a Gaussian Process 0( - | ¢p) ~ GP (0, K(-,-| gb))

By constructing covariance kernel K to reflect the prior qualitative knowledge of the error.
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(Gaussian Process: Distribution over functions

Formal definition: A Gaussian process is a collection of random variables, any finite number of which also have a joint
Gaussian distribution.

2

1
Consider a multivariate Gaussian distribution: p(y | ) « exp (——yTZ_1y>

20D Gaussian distribution — A different representation

Computing 2 from the covariance kernel

1
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20
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variable index

https://thegradient.pub/gaussian-process-not-quite-for-dummies/ X | X

Takeaway: A Gaussian process is a probability distribution over functions.
The functions have special properties determined by the covariance kernel.

length n ( = 20 here)
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Covariance kernel: central object ot GP

Increasing £ >
Consider the kernel: Increasing 7

2
12; = 1

2072

K(x;, x;) = Ez(xl-xj)”exp

- The kernel, for fixed values of the parameters

(c,r, ), generates covariance matrix for the
multivariate gaussian distribution.

. ¢:correlation length between two points.

« (C: controls the overall scale over which the

functions vary. As ¢ — 0, GP predictions are
Dirac-delta distributions.

- 1 (> 0): generates functions whose magnitude
increase with x.




Statistical model: _
\}7 (xi)J — ﬁmod(xi’ 6)), + \5MD(xi’ ¢)} + \6 (xi),
A | \ |
- o Experimental Theoretical Theoretical Observation
Model 5( . ‘ ¢) GP (0’ K( ? ‘ ¢)) observation prediction error error

———— —— — e e = — — —

Prior knowledge about theory error: JETSCAPE model is more reliable at small centralities than at large centralities.

Reliability of hydrodynamics degrades as one moves from the most central to more peripheral collisions
(smaller overlap). Also, Grad and Chapman-Enskog particlization schemes perform better in more central
collisions (near-equilibrium corrections).
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« Statistical model: \y(xl)J — ﬁmod(xl, 9)} + \5MD('X19 ¢)} + \e(xl),
Y | |

-
Experimental Theoretical Theoretical Observation
+ Model 5( ‘ ¢) GP (0’ K( ? ‘ ¢)) observation prediction error error

Prior knowledge about theory error: JETSCAPE model is more reliable at small centralities than at large centralities.

Reliability of hydrodynamics degrades as one moves from the most central to more peripheral collisions
(smaller overlap). Also, Grad and Chapman-Enskog particlization schemes perform better in more central
collisions (near-equilibrium corrections).
2
|, = x|

»  Consider the kernel: K(x;, x; | §) = s + Ez(xixj)’”exp VG , (r>0).

= Allows theory errors to be constant or increase with centrality (but not decrease).

= Non-vanishing theory error allowed even for ultra-central collisions (s # 0).
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Prior knowledge about theory error: JETSCAPE model is more reliable at small centralities than at large centralities.

Reliability of hydrodynamics degrades as one moves from the most central to more peripheral collisions
(smaller overlap). Also, Grad and Chapman-Enskog particlization schemes perform better in more central
collisions (near-equilibrium corrections).
2
|, = x|

»  Consider the kernel: K(x;, x; | §) = s + Ez(xixj)’”exp VG , (r>0).

= Allows theory errors to be constant or increase with centrality (but not decrease).

= Non-vanishing theory error allowed even for ultra-central collisions (s # 0).

m» s=c=10( —— 5MD = (). Bayesian updating of knowledge
pr(B|A, Ipr(A|l <
. ' B pr(A|B,I) = (B B)I A7) —> pr(&|Vexps L) X Pr(Yexp|at, I) X pr(al|l)
posterior likelihood prior

to data and estimate 6, ¢ simultaneously. 9/16



Not accounting for theory uncertainties (w/o MD)
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65 parameter Bayesian inference: 17 model parameters + 4
GP param per observable (12 observables = 48 GP param).
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Excellent agreement with data.
Expected.
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Check (w/o MD): stability of posteriors as more observables are included

SJ, arXiv: 2509.19759

Calibration with subset of observables: ) ) ,
— Calibration with all observables
dNw/dn, dEp/dn, and v, {2} (n = 2,3,4)
0.20¢ : 0.20 :
- I Prior : 90% CI : I Prior : 90% CI
- i Grad : 60% CI I i Grad : 60% CI
0.15¢ 04T e 60% a1 0.15¢ 04T B 0% a1 |
- | [ 1Grad : 90% CI : | [—1Grad: 90% CI -7
~20.10} 2 20.10} < | EZICE: 90% CJ-~
o S0.2f ok ~0.2F 2
0.05¢ ' 0.05] =
0.00-.|....|....|....|....|. 0.0_.l....|....|....|....|. 0.00-.l....|....|....|....|. 0.0_.|....|....|....|....|.
0.15 0.20 0.25 0.30 0.35 0.15 0.20 0.25 0.30 0.35 0.15 0.20 0.25 0.30 0.35 0.15 0.20 0.25 0.30 0.35
T (GeV) T (GeV) T (GeV) T (GeV)
Grad: 60% CIf 14.879495 0.0400+0:0224 f\ 1227009 Grad: 60% CI 8 1497935 E 0.020170021 10700778
CE: 60% CI [k : CE: 60% CI 5
Prior [l 15704 | 0ons7g Prior 14,9753  0.0300° 2 L0503
10 15 20 10 15 20 —05 00 05
N N P
093275 33 N oot LI

0.0759 0.0598 0.862
0'9381_0.0642 0'8631_0.0514 1'191_0.678

05 1.0 15 05 10 15 0 5 4

3
w (fm) : w (fm) d3 s, (fm”)
' ;; N 01440008 0072900 AR 0.139* 400247
457550 N 01437500 011x55s [ = 0.1457 0633
: . I /,f
025 0.00 02, 25 50 75 014 016 —025 000 02 25 50 T . T 0.16
o br Tsw (GeV) « bx Tsw (GeV)

Posteriors for many parameters shift significantly when all measurements are
included in the inference, indicating lack of robustness of the parameter estimate. 13/16
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summary

Often the goal of model-data comparison is to extract physically meaningful model parameters, not to fit data.

Quantifying theoretical uncertainties is crucial for correct inference of physical model parameters.

= Implicit assumption of the model being universally valid is usually made in model-to-data comparison.
This can lead to incorrect and misleading parameter estimates.

- Discussed a Bayesian framework that explicitly quantifies theoretical uncertainties by statistically modeling
theory errors, guided by qualitative knowledge of the theory’s domain of reliability.

- Derived robust, data-driven constraints on transport properties of QCD with quantified theory uncertainties.

- Framework is general and can be applied to various problems in science.
Open source code is provided: https://github.com/sjaiswal-tifr/ModelDiscrepancy

Thank youl
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Takeaway: A Gaussian process is a probability distribution over functions that fit a set of points. The functions
have special properties determined by the covariance kernel. 5/22
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https://commons.wikimedia.org/w/index.php?curid=47589433

We want to model the error of the theory: o0(x;, @) ~ y(x;) — n(x;, 0)

Prior knowledge of the theory domain: “the theory is more reliable at small x than at large x”.
That means, for theory with true parameters 6%, the error should grow as x increases.
Goal is to determine this true 6* by comparing model predictions with different @ to data.

We consider the covariance kernel which generates functions whose magnitude increase with x.
This emphasizes * in fitting. Conversely, 6 for which the discrepancy between data and model predictions
does not increase with x are assigned less weight. sJ, C. Shen, R. J. Furnstahl, U. Heinz, and M. T. Pratola, PLB 870, 139946 (2025), arXiv: 2504.13144

K 11- K _ 2, =2 . [|x; — xjH2 Encodes the belief:
= Kernell: K(x;, x; | ¢) = 57+ ¢7(x;x;)" exp 272 " model is more reliable at small x than at large x.
| x; — x.H2 Encodes the belief:
i 7

= Kernel II: K(x, X; | @) = _2(xl-xj)rexp > model is correct at x = (0, but our confidence in

its validity decreases as x incredases
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