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Heavy-ion collisions: Many stages of evolution

• Many stages of evolution involving many theoretical models.  
• Physical parameters of model (like specific viscosities) needs to be inferred from data.
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Inconsistent QGP viscosity estimates from different models

JETSCAPE 
D. Everett et al. 2010.03928, 2011.01430 

OSU-VAH model
D. Liyanage, O. Surer,  et al. 2302.14184

Niklas Gotz,  et al. 2503.10181

SMASH-vHLLE-hybrid model
DUKE group 

Bernhard et al. Nat. Phys. 15, 1113–1117 
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Multi-stage physics model

Slide adapted from D. Liyanage
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Multi-stage physics model

TRENTo

Free- 
stream

SMAS

MUSIC

JETSCAPE SIMS calibration 
D. Everett et al. 2010.03928, 2011.01430 

      CEGRAD

SMASH

Pb - Pb at 2.76 TeV 
Model predictions  

for observables 
Slide adapted from D. Liyanage

•N    : normalization 
•p     : generalized mean power 
•    : multiplicity fluct. variance 
•w    : nucleon width 
•dmin : min. dist. betw. nucleons

𝜎𝑘

•  : free-stream time scale  
•  : energy density scaling of 
𝜏R
𝛼 𝜏R

• :  shear viscosity  
•  : bulk viscosity
• : Shear relax time factor

(η/s)(T )
(ζ/s)(T )
bπMUSIC

Tsw: switching temperature
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Experimental data: Pb+Pb at 2.76 TeV
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ALICE : 2.76 TeV
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12 observables. 110 observations

SJ, arXiv: 2509.19759
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Bayesian inference
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Bayesian inference
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• Tension observed between the specific bulk viscosity posteriors from 
Grad (blue) and CE (red).
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Bayesian inference
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• Tension observed between the specific bulk viscosity posteriors from 
Grad (blue) and CE (red). Differences also visible for other parameters. 

• Particlization temperature lower for Grad: , than 
for CE: .

Tsw = 138.65+2.17
−1.96 MeV

144.79+2.36
−2.26 MeV
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Error of theory propagates across stages. 
Results in different  evolution. Will 
effect studies where medium evolution 
needs to be considered (like jet studies).

Tμν

• Tension observed between the specific bulk viscosity posteriors from 
Grad (blue) and CE (red). Differences also visible for other parameters. 

• Particlization temperature lower for Grad: , than 
for CE: .

Tsw = 138.65+2.17
−1.96 MeV

144.79+2.36
−2.26 MeV 5/16
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• Every theoretical model is an approximation of the  
true underlying physics. 

• Usually, the error of theory is not known quantitatively. 
 

Model discrepancy framework

Predictions from 
true theory

Predictions from 
approximate theory

Error of approximate 
theory predictions

ζ(x) = η(x, θ) + δ(x)
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• Every theoretical model is an approximation of the  
true underlying physics. 

• Usually, the error of theory is not known quantitatively. 

• Therefore, conventional model-data comparison ignores theoretical uncertainty, implicitly assuming the 
model is perfect: . Consequently, inferred parameters can become mere fitting variables, no longer 
corresponding to their true physical values. 

δ(x) = 0

Model discrepancy framework

Predictions from 
true theory

Predictions from 
approximate theory

Error of approximate 
theory predictions

ζ(x) = η(x, θ) + δ(x) 0

6/16



• Every theoretical model is an approximation of the  
true underlying physics. 

• Usually, the error of theory is not known quantitatively. 

• Therefore, conventional model-data comparison ignores theoretical uncertainty, implicitly assuming the 
model is perfect: . Consequently, inferred parameters can become mere fitting variables, no longer 
corresponding to their true physical values. 

• Our approach : 

➡ We usually have some qualitative knowledge of the domain of validity of our theories. 
Example: “We know the theory is more reliable in this regime than in that one”.  

➡ We use such important, qualitative knowledge of theory error to statistically model . 

➡ Model theory error with a Gaussian Process . 

By constructing covariance kernel  to reflect the prior qualitative knowledge of the error. 

δ(x) = 0

δ(x)

δ( ⋅ ∣ ϕ) ∼ GP (0, K( ⋅ , ⋅ ∣ ϕ))
K

SJ, C. Shen, R. J. Furnstahl, U. Heinz, and M. T. Pratola, PLB 870, 139946 (2025), arXiv: 2504.13144

ζ(x) = η(x, θ) + δ(x)
Predictions from 

true theory
Predictions from 

approximate theory
Error of approximate 

theory predictions

M. Kennedy, A. O’Hagan  
doi:10.1111/1467-9868.00294 
J. Brynjarsdóttir and A. OʼHagan, 
doi:10.1088/0266-5611/30/11/114007   

D. Higdon, M. Kennedy, et. al.,  
doi:10.1137/S1064827503426693

Model discrepancy framework
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Gaussian Process: Distribution over functions

20D Gaussian distribution — A different representation

https://thegradient.pub/gaussian-process-not-quite-for-dummies/

Consider a multivariate Gaussian distribution: p(y ∣ Σ) ∝ exp (−
1
2

yTΣ−1y)

Formal definition: A Gaussian process is a collection of random variables, any finite number of which also have a joint 
Gaussian distribution.

Computing  from the covariance kernelΣ

Σ ≡ K(xi, xj) = c̄2 exp (−
∥xi − xj∥2

2ℓ2 )  is a vector of  
length  (  here)
x

n = 20

RBF RBF

y

c̄ = 1 c̄ = 1

Takeaway: A Gaussian process is a probability distribution over functions. 
The functions have special properties determined by the covariance kernel. 7/16



Increasing  
Increasing 

ℓ
r

Covariance kernel: central object of GP

Consider the kernel:

• The kernel, for fixed values of the parameters 
( ), generates covariance matrix for the 
multivariate gaussian distribution. 

• : correlation length between two points. 

• : controls the overall scale over which the 
functions vary. As , GP predictions are 
Dirac-delta distributions. 

• : generates functions whose magnitude 
increase with .

c̄, r, ℓ

ℓ

c̄
c̄ → 0

r ( ≥ 0)
x

K(xi, xj) = c̄2(xixj)rexp (−
∥xi − xj∥2

2ℓ2 )
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Modeling theoretical uncertainty (error) in heavy-ion

• Statistical model:  

• Model  

Reliability  of hydrodynamics degrades as one moves from the most central to more peripheral collisions 
(smaller overlap). Also, Grad and Chapman–Enskog particlization schemes perform better in more central 
collisions (near-equilibrium corrections). 

δ( ⋅ ∣ ϕ) ∼ GP (0, K( ⋅ , ⋅ ∣ ϕ))
y(xi) = ηmod(xi, θ) + δMD(xi, ϕ) + ϵ(xi)

Theoretical 
prediction

Theoretical 
error

Observation 
error

Experimental 
observation

Prior knowledge about theory error: JETSCAPE model  is more reliable at small centralities than at large centralities.
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Modeling theoretical uncertainty (error) in heavy-ion

• Statistical model:  

• Model  

Reliability  of hydrodynamics degrades as one moves from the most central to more peripheral collisions 
(smaller overlap). Also, Grad and Chapman–Enskog particlization schemes perform better in more central 
collisions (near-equilibrium corrections). 

• Consider the kernel:   ,      ( ). 

➡ Allows theory errors to be constant or increase with centrality (but not decrease). 

➡ Non-vanishing theory error allowed even for ultra-central collisions ( ). 

➡ .  

δ( ⋅ ∣ ϕ) ∼ GP (0, K( ⋅ , ⋅ ∣ ϕ))

K(xi, xj ∣ ϕ) ≡ s2 + c̄2(xixj)rexp (−
∥xi − xj∥2

2ℓ2 ) r ≥ 0

s ≠ 0

s = c̄ = 0 ⟹ δMD = 0

y(xi) = ηmod(xi, θ) + δMD(xi, ϕ) + ϵ(xi)
Theoretical 
prediction

Theoretical 
error

Observation 
error

Experimental 
observation

Prior knowledge about theory error: JETSCAPE model  is more reliable at small centralities than at large centralities.
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Modeling theoretical uncertainty (error) in heavy-ion

• Statistical model:  

• Model  

Reliability  of hydrodynamics degrades as one moves from the most central to more peripheral collisions 
(smaller overlap). Also, Grad and Chapman–Enskog particlization schemes perform better in more central 
collisions (near-equilibrium corrections). 

• Consider the kernel:   ,      ( ). 

➡ Allows theory errors to be constant or increase with centrality (but not decrease). 

➡ Non-vanishing theory error allowed even for ultra-central collisions ( ). 

➡ .  

• Fit   

to data and estimate  simultaneously. 

δ( ⋅ ∣ ϕ) ∼ GP (0, K( ⋅ , ⋅ ∣ ϕ))

K(xi, xj ∣ ϕ) ≡ s2 + c̄2(xixj)rexp (−
∥xi − xj∥2

2ℓ2 ) r ≥ 0

s ≠ 0

s = c̄ = 0 ⟹ δMD = 0

ζ(x; θ, ϕ) ≡ ηmod(x, θ) + δMD(x, ϕ)
θ, ϕ

y(xi) = ηmod(xi, θ) + δMD(xi, ϕ) + ϵ(xi)
Theoretical 
prediction

Theoretical 
error

Observation 
error

Experimental 
observation

Prior knowledge about theory error: JETSCAPE model  is more reliable at small centralities than at large centralities.
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Bayesian inference
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• Tension observed between the specific bulk viscosity posteriors from 
Grad (blue) and CE (red). Differences also visible for other parameters. 

• Particlization temperature lower for Grad: , than 
for CE: .

Tsw = 138.65+2.17
−1.96 MeV

144.79+2.36
−2.26 MeV
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Not accounting for theory uncertainties (w/o MD)

• Tension observed between the specific bulk viscosity posteriors from 
Grad (blue) and CE (red). Differences also visible for other parameters. 

• Particlization temperature lower for Grad: , than 
for CE: .

Tsw = 138.65+2.17
−1.96 MeV

144.79+2.36
−2.26 MeV
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Accounting for theory uncertainties (w/ MD)
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Bayesian inference
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Not accounting for theory uncertainties (w/o MD)

• Tension observed between the specific bulk viscosity posteriors from 
Grad (blue) and CE (red). Differences also visible for other parameters. 

• Particlization temperature lower for Grad: , than 
for CE: .

Tsw = 138.65+2.17
−1.96 MeV

144.79+2.36
−2.26 MeV

SJ, arXiv: 2509.19759
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Accounting for theory uncertainties (w/ MD)

• Posteriors are almost indistinguishable for all parameters 
for Grad (green) and CE (purple).
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Bayesian inference
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Not accounting for theory uncertainties (w/o MD) Accounting for theory uncertainties (w/ MD)

• Tension observed between the specific bulk viscosity posteriors from 
Grad (blue) and CE (red). Differences also visible for other parameters. 

• Particlization temperature lower for Grad: , than 
for CE: .

Tsw = 138.65+2.17
−1.96 MeV

144.79+2.36
−2.26 MeV

• Posteriors are almost indistinguishable for all parameters 
for Grad (green) and CE (purple). 

• Particlization temperature consistent:  

(Grad) and  (CE).
Tsw = 144.46+4.25

−4.04 MeV
Tsw = 144.66+4.22

−4.00 MeV
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Bayesian inference
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Not accounting for theory uncertainties (w/o MD) Accounting for theory uncertainties (w/ MD)

• Tension observed between the specific bulk viscosity posteriors from 
Grad (blue) and CE (red). Differences also visible for other parameters. 

• Particlization temperature lower for Grad: , than 
for CE: .

Tsw = 138.65+2.17
−1.96 MeV

144.79+2.36
−2.26 MeV

• Posteriors are almost indistinguishable for all parameters 
for Grad (green) and CE (purple). 

• Particlization temperature consistent:  

(Grad) and  (CE).
Tsw = 144.46+4.25

−4.04 MeV
Tsw = 144.66+4.22

−4.00 MeV
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Model + discrepancy predictions
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Predictions from 
 

Excellent agreement with data. 
Expected.

ζ(x; θ, ϕ) = ηmod(x, θ) + δMD(x, ϕ)

SJ, arXiv: 2509.19759
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Model predictions
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Model predictions
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Predictions from . 

• No clear preference for Grad or 
CE is observed. 

ηmod(x, θ)
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Model predictions
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Predictions from . 

• No clear preference for Grad or 
CE is observed. 

• Theory predicts many 
observables correctly => learned 
error are small for these.
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Predictions from . 

• No clear preference for Grad or 
CE is observed. 

• Theory predicts many 
observables correctly => learned 
error are small for these. 

• Deviations observed in w/ MD 
predictions => learned theory 
error are large.
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Predictions from . 

• No clear preference for Grad or 
CE is observed. 

• Theory predicts many 
observables correctly => learned 
error are small for these. 

• Deviations observed in w/ MD 
predictions => learned theory 
error are large. 

• Particularly large deviations in 
 and  suggest 

deficiencies in the initial-
condition model. 
 
Guides understanding for 
targeted improvement in models.

ηmod(x, θ)

v3{2} δpT /⟨pT⟩
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Check (w/o MD): stability of posteriors as more observables are included
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Calibration with subset of observables: 
dNch/dη, dET /dη, and vn{2} (n = 2,3,4) Calibration with all observables

Posteriors for many parameters shift significantly when all measurements are 
included in the inference, indicating lack of robustness of the parameter estimate.
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Calibration with subset of observables: 
dNch/dη, dET /dη, and vn{2} (n = 2,3,4) Calibration with all observables

Posteriors  tighten without shifting, indicating robust parameter inference.
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Model predictions: calibrated on subset of observables

Predictions from . 

• Observables not used in calibration are 
labeled “Prediction”. 

• w/o MD predictions for 
 are outside  CI 

prediction interval, reflecting overfitting. 

• w/ MD results show comparatively 
better agreement with data, albeit with 
large error bars.

ηmod(x, θ)

⟨pT⟩i, i ∈ {π, k, p} 68 %
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Summary

• Often the goal of model-data comparison is to extract physically meaningful model parameters, not to fit data. 

• Quantifying theoretical uncertainties is crucial for correct inference of physical model parameters. 

➡ Implicit assumption of the model being universally valid is usually made in model-to-data comparison. 
This can lead to incorrect and misleading parameter estimates. 

• Discussed a Bayesian framework that explicitly quantifies theoretical uncertainties by statistically modeling 
theory errors, guided by qualitative knowledge of the theory’s domain of reliability. 

• Derived robust, data-driven constraints on transport properties of QCD with quantified theory uncertainties. 

• Framework is general and can be applied to various problems in science. 
Open source code is provided: https://github.com/sjaiswal-tifr/ModelDiscrepancy

Thank you!
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Gaussian Process: Distribution over functions
Formal definition: A Gaussian process is a collection of random variables, any finite number of which also have a joint 
Gaussian distribution.

Consider a multivariate Gaussian distribution: p(y ∣ Σ) ∝ exp (−
1
2

yTΣ−1y)
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Gaussian Process: Distribution over functions

5D Gaussian distribution — A different representation

https://thegradient.pub/gaussian-process-not-quite-for-dummies/

Consider a multivariate Gaussian distribution: p(y ∣ Σ) ∝ exp (−
1
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Gaussian Process: Distribution over functions

20D Gaussian distribution — A different representation
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Consider a multivariate Gaussian distribution: p(y ∣ Σ) ∝ exp (−
1
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Gaussian Process: Distribution over functions

20D Gaussian distribution — A different representation

https://thegradient.pub/gaussian-process-not-quite-for-dummies/

Consider a multivariate Gaussian distribution: p(y ∣ Σ) ∝ exp (−
1
2

yTΣ−1y)
Conditioned on (fixing) y1, y2
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Gaussian Process: Distribution over functions

Consider a multivariate Gaussian distribution: p(y ∣ Σ) ∝ exp (−
1
2

yTΣ−1y)
20D Gaussian distribution — A different representation

https://thegradient.pub/gaussian-process-not-quite-for-dummies/

Computing  from the covariance kernelΣ

Σ ≡ K(xi, xj) = c̄2 exp (−
∥xi − xj∥2

2ℓ2 )  is a vector of  
length  (  here)
x

n = 20

x
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Gaussian Process: Distribution over functions

Consider a multivariate Gaussian distribution: p(y ∣ Σ) ∝ exp (−
1
2

yTΣ−1y)
20D Gaussian distribution — A different representation

https://thegradient.pub/gaussian-process-not-quite-for-dummies/

Computing  from the covariance kernelΣ

Σ ≡ K(xi, xj) = c̄2 exp (−
∥xi − xj∥2

2ℓ2 )  is a vector of  
length  (  here)
x

n = 20

Takeaway: A Gaussian process is a probability distribution over functions that fit a set of points. The functions 
have special properties determined by the covariance kernel. 5/22

Formal definition: A Gaussian process is a collection of random variables, any finite number of which also have a joint 
Gaussian distribution.



By Cdipaolo96 - Own work, CC BY-SA 4.0 

Training data

GP conditioned on data
RBF RBF

Working of GP:  
Before tra ining (prior) —> 
Training on data (posterior): 
choose only functions passing 
through the data and learn 
hyper-parameters of covariance 
f u n c t i o n — > P re d i c t w i t h 
uncertainty.

https://commons.wikimedia.org/w/index.php?curid=47589433


Choice of covariance kernel to model theory error
• We want to model the error of the theory:  

• Prior knowledge of the theory domain:  “the theory is more reliable at small  than at large ”. 

That means, for theory with true parameters , the error should grow as  increases. 
Goal is to determine this true  by comparing model predictions with different  to data. 

• We consider the covariance kernel which generates functions whose magnitude increase with . 
This emphasizes  in fitting. Conversely,  for which the discrepancy between data and model predictions 
does not increase with  are assigned less weight. 

➡ Kernel I:  

➡ Kernel II: 

δ(xi, ϕ) ∼ y(xi) − η(xi, θ)

x x
θ* x

θ* θ

x
θ* θ

x

K(xi, xj ∣ ϕ) ≡ s2 + c̄2(xixj)rexp (−
∥xi − xj∥2

2ℓ2 ) .

K(xi, xj ∣ ϕ) ≡ c̄2(xixj)rexp (−
∥xi − xj∥2

2ℓ2 ) .

Encodes the belief:  
model is more reliable at small  than at large .x x

Encodes the belief:  
model is correct at , but our confidence in 

its validity decreases as  increases

x = 0
x

SJ, C. Shen, R. J. Furnstahl, U. Heinz, and M. T. Pratola, PLB 870, 139946 (2025), arXiv: 2504.13144

https://arxiv.org/abs/2504.13144

