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Bonocore, Laenen, Magnea, Vernazza, White
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⟨1s⟩
⟨1n⟩

I⟩ = 1⟩

I] = 1] +
⟨ns⟩
⟨n1⟩

s]

1

s n

I
..

..

Britto, Cachazo, Feng, Witten



On-shell recursion

̂s⟩ = s⟩ + z n⟩
̂n] = n] − z s]

p2
I = [s 1 ̂s⟩ = 0 ⟹ z = −

⟨1s⟩
⟨1n⟩

I⟩ = 1⟩

I] = 1] +
⟨ns⟩
⟨n1⟩

s]

1

s n

I
..

..

1′ ]

n′ ]

Britto, Cachazo, Feng, Witten



BCFW

𝒜LP+NLP
n+1 ({λ s⟩, s]}, { 1⟩, 1]}, …, { n⟩, n]})

=
1
λ2

⟨1n⟩
⟨1s⟩⟨ns⟩

× 𝒜n({ 1⟩, 1′ ]}, …, { n⟩, n′ ]})

1′ ] = 1] + Δ(1,n)
s s]

n′ ] = n] + Δ(n,1)
s s]

Δ(i,j)
s = λ

⟨js⟩
⟨ji⟩



Higgs-gluon amplitudes

ℒ eff = −
1
4

G H Fa
μν Fμν,a

𝒜n(pi, hi, ci) = i ( αs

6πv ) gn−2
s ∑

σ∈𝒮n′ 

Tr (Tc1Tc2…Tcn) 𝒜{ci}
n (h1 h2 h3… hn; H)



Higgs-gluon amplitudes

ℒ eff = −
1
4

G H Fa
μν Fμν,a

𝒜n(pi, hi, ci) = i ( αs

6πv ) gn−2
s ∑

σ∈𝒮n′ 

Tr (Tc1Tc2…Tcn) 𝒜{ci}
n (h1 h2 h3… hn; H)

g(p1) + g(p2) → H(−p3) + g(−p4)

𝒜124
+++ =

m4
H

⟨12⟩⟨24⟩⟨41⟩
, 𝒜124

−++ =
[24]3

[12][14]



Higgs-gluon amplitudes

g(p1) + g(p2) → H(−p3) + g(−p4) + g(−p5)

𝒜({pi, hi, ci}) = i ( αs

6πv ) g2
s [{Tr (Tc1Tc2Tc4Tc5) + (Tc1Tc5Tc4Tc2)} 𝒜1245

h1h2h4h5

+{Tr (Tc1Tc4Tc5Tc2) + (Tc1Tc2Tc5Tc4)} 𝒜1452
h1h2h4h5

+{Tr (Tc1Tc5Tc2Tc4) + (Tc1Tc4Tc2Tc5)} 𝒜1524
h1h2h4h5]

𝒜1245
++++ =

m4
H

⟨12⟩⟨24⟩⟨45⟩⟨51⟩

𝒜1245
−−++ = −

⟨12⟩4

⟨12⟩⟨24⟩⟨45⟩⟨51⟩
−

[45]4

[12][24][45][51]

𝒜1245
−+++ =

⟨1 4 + 5 2]3

⟨4 1 2]⟨15⟩⟨45⟩s145
+

[25][45]⟨1 4 + 5 2]2

⟨4 1 2]s15s145
+

[24]⟨1 2 + 4 5]2

⟨24⟩s12s124

+
[25]⟨1 2 + 4 5]2

⟨14⟩⟨24⟩[15]s12
−

[25]2⟨1 2 + 5 4]2

s12s15s125



g(p1) + g(p2) + H(p3) + g(p4) → 0 g(p1) + g(p2) + H(p3) + g(p4) + g(p5) → 0



g(p1) + g(p2) + H(p3) + g(p4) → 0

 


 


 

𝒟12

𝒟14

𝒟24

g(p1) + g(p2) + H(p3) + g(p4) + g(p5) → 0



g(p1) + g(p2) + H(p3) + g(p4) → 0

 


 


 

𝒟12

𝒟14

𝒟24

  


 


 

𝒜1245
h1h2h4h5

𝒜1452
h1h2h4h5

𝒜1524
h1h2h4h5

g(p1) + g(p2) + H(p3) + g(p4) + g(p5) → 0



g(p1) + g(p2) + H(p3) + g(p4) → 0

 


 


 

𝒟12

𝒟14

𝒟24

  


 


 

𝒜1245
h1h2h4h5

𝒜1452
h1h2h4h5

𝒜1524
h1h2h4h5

g(p1) + g(p2) + H(p3) + g(p4) + g(p5) → 0



g(p1) + g(p2) + H(p3) + g(p4) → 0

 


 


 

𝒟12

𝒟14

𝒟24

  


 


 

𝒜1245
h1h2h4h5

𝒜1452
h1h2h4h5

𝒜1524
h1h2h4h5

g(p1) + g(p2) + H(p3) + g(p4) + g(p5) → 0



g(p1) + g(p2) + H(p3) + g(p4) → 0

 


 


 

𝒟12

𝒟14

𝒟24

  


 


 

𝒜1245
h1h2h4h5

𝒜1452
h1h2h4h5

𝒜1524
h1h2h4h5

g(p1) + g(p2) + H(p3) + g(p4) + g(p5) → 0



g(p1) + g(p2) + H(p3) + g(p4) → 0

 


 


 

𝒟12

𝒟14

𝒟24

  


 


 

𝒜1245
h1h2h4h5

𝒜1452
h1h2h4h5

𝒜1524
h1h2h4h5

 For every helicity config., No. of dipoles = No. of colour 
ordered amplitudes

 Connected by Eikonal factors, Shifting of spinors

Pal, Seth

g(p1) + g(p2) + H(p3) + g(p4) + g(p5) → 0



New NLP Recipe
Formation of dipoles

Shifting of square spinors in “+” emission

Shifting of angle spinors in “-” emission  



New NLP Recipe

𝒜1245
h1h2h4+

LP+NLP
=

⟨14⟩
⟨15⟩⟨45⟩

𝒜1′ 2 4′ 

h1h2h4

𝒜1452
h1h2h4+

LP+NLP
=

⟨24⟩
⟨25⟩⟨54⟩

𝒜12′ 4′ 

h1h2h4

𝒜1524
h1h2h4+

LP+NLP
=

⟨12⟩
⟨15⟩⟨52⟩

𝒜1′ 2′ 4
h1h2h4

1′ ] = 1] +
⟨45⟩
⟨41⟩

5] , 4′ ] = 4] +
⟨15⟩
⟨14⟩

5]

2′ ] = 2] +
⟨45⟩
⟨42⟩

5] , 4′ ] = 4] +
⟨25⟩
⟨24⟩

5]

1′ ] = 1] +
⟨25⟩
⟨21⟩

5] , 2′ ] = 2] +
⟨15⟩
⟨12⟩

5]

Formation of dipoles

Shifting of square spinors in “+” emission

Shifting of angle spinors in “-” emission  



No NLP from NMHV

𝒜124
+−− = −

⟨24⟩3

⟨12⟩⟨14⟩



No NLP from NMHV

𝒜124
+−− = −

⟨24⟩3

⟨12⟩⟨14⟩

Born
Helicity of 

extra emission
NLP

𝒜+++
𝒜++++
𝒜+++−

+
−

𝒜−++

𝒜+−+

𝒜++−

+
−
+
−
+
−

𝒜−+++

𝒜+−++

𝒜++−+

0

0

0
Pal, Seth



NLP amplitudes: ++++

𝒜1245
++++

NLP
=

⟨41⟩
⟨45⟩⟨51⟩

2 (s15 + s25 + s45)
(s12 + s14 + s24)

𝒜124
+++

𝒜1524
++++

NLP
=

⟨12⟩
⟨15⟩⟨52⟩

2 (s15 + s25 + s45)
(s12 + s14 + s24)

𝒜124
+++

𝒜1452
++++

NLP
= −

⟨42⟩
⟨45⟩⟨52⟩

2 (s15 + s25 + s45)
(s12 + s14 + s24)

𝒜124
+++



NLP amplitudes: +++-

𝒜1245
+++−

NLP
=

[14]
[15][45] ( −

⟨25⟩[45]
⟨12⟩[14]

−
⟨25⟩[15]
⟨24⟩[14]

−
s15

s14
−

s45

s14
+

2 (s15 + s25 + s45)
(s12 + s14 + s24) )𝒜124

+++

𝒜1524
+++−

NLP
= −

[12]
[15][25] ( ⟨45⟩[15]

⟨24⟩[12]
−

⟨45⟩[25]
⟨14⟩[12]

−
s15

s12
−

s25

s12
+

2 (s15 + s25 + s45)
(s12 + s14 + s24) )𝒜124

+++

𝒜1452
+++−

NLP
= −

[24]
[25][45] ( ⟨15⟩[45]

⟨12⟩[24]
−

⟨15⟩[25]
⟨14⟩[24]

−
s25

s24
−

s45

s24
+

2 (s15 + s25 + s45)
(s12 + s14 + s24) ) 𝒜124

+++



NLP amplitudes: -+++

𝒜1245
−+++

NLP
=

⟨14⟩
⟨15⟩⟨45⟩ ( 3⟨15⟩[25]

⟨14⟩[24]
−

⟨45⟩[25]
⟨14⟩[12]

−
s15

s14
−

s45

s14 ) 𝒜124
−++

𝒜1524
−+++

NLP
= −

⟨12⟩
⟨15⟩⟨25⟩ ( −

⟨25⟩[45]
⟨12⟩[14]

−
3⟨15⟩[45]
⟨12⟩[24]

−
s15

s12
−

s25

s12 ) 𝒜124
−++

𝒜1452
−+++

NLP
= −

⟨24⟩
⟨45⟩⟨25⟩ ( ⟨45⟩[15]

⟨24⟩[12]
−

⟨25⟩[15]
⟨24⟩[14]

+
3s25

s24
+

3s45

s24 ) 𝒜124
−++



NLP amplitudes: ++-+, +-++

𝒜1245
++−+

NLP
= 𝒜1245

−+++
NLP

{1 ↔ 4}

𝒜1524
++−+

NLP
= 𝒜1452

−+++
NLP

{1 ↔ 4}

𝒜1452
++−+

NLP
= 𝒜1524

−+++
NLP

{1 ↔ 4}

𝒜1245
+−++

NLP
= 𝒜1452

−+++
NLP

{1 ↔ 2}

𝒜1524
+−++

NLP
= 𝒜1524

−+++
NLP

{1 ↔ 2}

𝒜1452
+−++

NLP
= 𝒜1245

−+++
NLP

{1 ↔ 2}



Differential x-sec

𝒜 = 𝒜LP + 𝒜NLP , 𝒜2 = 𝒜2
LP + 2 Re (𝒜NLP𝒜†

LP)



Differential x-sec

𝒜 = 𝒜LP + 𝒜NLP , 𝒜2 = 𝒜2
LP + 2 Re (𝒜NLP𝒜†

LP)
∑

colours

|𝒜({pi, hi, ci}) |2 = [( αs

6πv ) g2
s ]2(N2 − 1){2 N2 ( 𝒜1245

2
+ 𝒜1452

2
+ 𝒜1524

2 )
− 4

(N2 − 3)
N2

𝒜1245 + 𝒜1452 + 𝒜1524
2 }



Differential x-sec

𝒜 = 𝒜LP + 𝒜NLP , 𝒜2 = 𝒜2
LP + 2 Re (𝒜NLP𝒜†

LP)
∑

colours

|𝒜({pi, hi, ci}) |2 = [( αs

6πv ) g2
s ]2(N2 − 1){2 N2 ( 𝒜1245

2
+ 𝒜1452

2
+ 𝒜1524

2 )
− 4

(N2 − 3)
N2

𝒜1245 + 𝒜1452 + 𝒜1524
2 }

zero



Differential x-sec

𝒜 = 𝒜LP + 𝒜NLP , 𝒜2 = 𝒜2
LP + 2 Re (𝒜NLP𝒜†

LP)

p1 = (E1,0,⋯,0,E1)
p2 = (E2,0,⋯,0,p3 sin ψ, p3 cos ψ − E1)
p3 = − (E3,0,⋯,0,p3 sin ψ, p3 cos ψ)

p4 = −
s45

2
(1,0,⋯,0, sin θ1 sin θ2, sin θ1 cos θ2, cos θ1)

p5 = −
s45

2
(1,0,⋯,0, − sin θ1 sin θ2, − sin θ1 cos θ2, − cos θ1)

𝒜2
NLP = ∫

π

0
dθ1 (sin θ1)1−2ϵ ∫

π

0
dθ2 (sin θ2)−2ϵ[𝒜2] |NLP

s2
12

d2σ
ds13ds23

NLP

= ℱ ( s45

μ̄2 )
−ϵ

𝒜2
NLP

∑
colours

|𝒜({pi, hi, ci}) |2 = [( αs

6πv ) g2
s ]2(N2 − 1){2 N2 ( 𝒜1245

2
+ 𝒜1452

2
+ 𝒜1524

2 )
− 4

(N2 − 3)
N2

𝒜1245 + 𝒜1452 + 𝒜1524
2 }

zero



NLP Logs

s2
12

d2σ++++

ds13ds23
NLP−LL

= ℱ {16π s12 ( 1
s13

+
1

s23 ) + 2 log ( s45

μ̄2 ) + 16π log ( s12s45

s13s23 )} 1
m2

H
𝒜2

+++

s2
12

d2σ−+++

ds13ds23
NLP−LL

= ℱ {16π ( 1
s13

−
1

s23 ) log ( s45

μ̄2 ) + 4π ( 3
s13

−
1

s23 ) log ( s12s45

s13s23 )} 𝒜2
−++

s2
12

d2σ++−+

ds13ds23
NLP−LL

= ℱ{16π ( 1
s13

+
1

s23 ) log ( s45

μ̄2 ) − 4π ( 1
s13

+
1

s23 ) log ( s12s45

s13s23 )} 𝒜2
++−

s2
12 s2

12
d2σ+−++

ds13ds23
NLP−LL

= ℱ{16π ( 1
s23

−
1

s13 ) log ( s45

μ̄2 ) + 4π ( 3
s23

−
1

s13 ) log ( s12s45

s13s23 )} 𝒜2
+−+

s2
12

d2σ+++−

ds13ds23
NLP−LL

= ℱ{ − 16π( 1
s13

+
1

s23 )log ( s45

μ̄2 ) − 4π ( 1
s13

+
1

s23 ) log ( s12s45

s13s23 )} 𝒜2
+++

+ s2
12

d2σ++++

ds13ds23
NLP−LL



NLP logs & Poles

s2
12

d2σh1h2h4h5

ds13ds23
NLP−LL

= {A log ( s45

μ̄2 ) + B log ( s12s45

s13s23 )} 𝒜2
h1h2h4

−
A
ϵ

𝒜2
h1h2h4



NLP logs & Poles

s2
12

d2σh1h2h4h5

ds13ds23
NLP−LL

= {A log ( s45

μ̄2 ) + B log ( s12s45

s13s23 )} 𝒜2
h1h2h4

−
A
ϵ

𝒜2
h1h2h4

Mass factorisation: 1
ϵ ∫

1

0

dx
x

αs

2π
Pgg(x, ϵ) ̂s2

12
d2σ(0)( ̂s12, ̂s13, s23)

d ̂s13ds23



NLP logs & Poles

s2
12

d2σh1h2h4h5

ds13ds23
NLP−LL

= {A log ( s45

μ̄2 ) + B log ( s12s45

s13s23 )} 𝒜2
h1h2h4

−
A
ϵ

𝒜2
h1h2h4

Mass factorisation: 1
ϵ ∫

1

0

dx
x

αs

2π
Pgg(x, ϵ) ̂s2

12
d2σ(0)( ̂s12, ̂s13, s23)

d ̂s13ds23

Pgg =
z

1 − z
+

1 − z
z

+ z(1 − z)



NLP logs & Poles

s2
12

d2σh1h2h4h5

ds13ds23
NLP−LL

= {A log ( s45

μ̄2 ) + B log ( s12s45

s13s23 )} 𝒜2
h1h2h4

−
A
ϵ

𝒜2
h1h2h4

g → gg

+

−

++ +− −+ −−
1

z(1 − z)
z3

(1 − z)
(1 − z)3

z 0

0
1

z(1 − z)
(1 − z)3

z
z3

(1 − z)

Mass factorisation: 1
ϵ ∫

1

0

dx
x

αs

2π
Pgg(x, ϵ) ̂s2

12
d2σ(0)( ̂s12, ̂s13, s23)

d ̂s13ds23

Pgg =
z

1 − z
+

1 − z
z

+ z(1 − z)



Building Blocks

s2
12

d2σh1h2h4h5

ds13ds23
NLP−LL

= s2
12

d2σ1245
h1h2h4h5

ds13ds23
NLP−LL

+ s2
12

d2σ1452
h1h2h4h5

ds13ds23
NLP−LL

+ s2
12

d2σ1524
h1h2h4h5

ds13ds23
NLP−LL



Building Blocks

s2
12

d2σh1h2h4h5

ds13ds23
NLP−LL

= s2
12

d2σ1245
h1h2h4h5

ds13ds23
NLP−LL

+ s2
12

d2σ1452
h1h2h4h5

ds13ds23
NLP−LL

+ s2
12

d2σ1524
h1h2h4h5

ds13ds23
NLP−LL

𝒟14



Building Blocks

s2
12

d2σh1h2h4h5

ds13ds23
NLP−LL

= s2
12

d2σ1245
h1h2h4h5

ds13ds23
NLP−LL

+ s2
12

d2σ1452
h1h2h4h5

ds13ds23
NLP−LL

+ s2
12

d2σ1524
h1h2h4h5

ds13ds23
NLP−LL

𝒟14 𝒟24



Building Blocks

s2
12

d2σh1h2h4h5

ds13ds23
NLP−LL

= s2
12

d2σ1245
h1h2h4h5

ds13ds23
NLP−LL

+ s2
12

d2σ1452
h1h2h4h5

ds13ds23
NLP−LL

+ s2
12

d2σ1524
h1h2h4h5

ds13ds23
NLP−LL

𝒟14 𝒟24

𝒟12



Building Blocks

s2
12

d2σh1h2h4h5

ds13ds23
NLP−LL

= s2
12

d2σ1245
h1h2h4h5

ds13ds23
NLP−LL

+ s2
12

d2σ1452
h1h2h4h5

ds13ds23
NLP−LL

+ s2
12

d2σ1524
h1h2h4h5

ds13ds23
NLP−LL

𝒟14 𝒟24

𝒟12

s2
12

d2σ1245
h1h2h4h5

ds13ds23
NLP−LL

+ s2
12

d2σ1452
h1h2h4h5

ds13ds23
NLP−LL

= s2
12

d2σ1524
h1h2h4h5

ds13ds23
NLP−LL



Building Blocks

s2
12

d2σh1h2h4h5

ds13ds23
NLP−LL

= s2
12

d2σ1245
h1h2h4h5

ds13ds23
NLP−LL

+ s2
12

d2σ1452
h1h2h4h5

ds13ds23
NLP−LL

+ s2
12

d2σ1524
h1h2h4h5

ds13ds23
NLP−LL

Calculating only  is sufficient !𝒟12

𝒟14 𝒟24

𝒟12

s2
12

d2σ1245
h1h2h4h5

ds13ds23
NLP−LL

+ s2
12

d2σ1452
h1h2h4h5

ds13ds23
NLP−LL

= s2
12

d2σ1524
h1h2h4h5

ds13ds23
NLP−LL



Soft Quarks

softk

pi

ℳ = ū(k)
γμ( /pi + /k)
(pi + k)2

εμ(pi) ℳ0

= ū(k)
/εi /pi

2pi . k
ℳ0



Soft Quarks

softk

pi

ℳ = ū(k)
γμ( /pi + /k)
(pi + k)2

εμ(pi) ℳ0

= ū(k)
/εi /pi

2pi . k
ℳ0

𝒪 ( 1

k )



Soft Quarks

softk

pi

ℳ = ū(k)
γμ( /pi + /k)
(pi + k)2

εμ(pi) ℳ0

= ū(k)
/εi /pi

2pi . k
ℳ0

Van Beekveld, Beenakker, Laenen, White

𝒪 ( 1

k )



Soft Quarks

ℳ = ū(k)
γμ( /pi + /k)
(pi + k)2

εμ(pi) ℳ0

= ū(k)
/εi /pi

2pi . k
ℳ0

softk

pi



Soft Quarks

ℳ = ū(k)
γμ( /pi + /k)
(pi + k)2

εμ(pi) ℳ0

= ū(k)
/εi /pi

2pi . k
ℳ0

Recipe:

1.  


2.   


3.  

q+
s (p1) g+(p2) →

1
⟨12⟩

q+(p2)

q+
s (p1) g−(p2) → 0

q+
s (p1) q̄−(p2) →

1
⟨12⟩

g−(p2)

softk

pi
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Summary

 Shifting of spinors captures next-to-soft gluon contributions


 Coloured amplitudes = colour dipoles


 Starting point is non-radiative helicity amplitudes 


 Reveals interesting features that are otherwise inaccessible


         Vanishing of NMHV contributions at NLP


         Twice the contribution of  can give the full result 


 Soft quark contribution is even simpler


 Generic method - can be applied for processes with zero-jet or 

multi-jets 
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Thank you !


