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Parton Model: Short Range Factorizes from the Long Range Physics
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FUNDAMENTAL !



Partonic Cross Section: Drell-Yan Process
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Leading order

Next-to-leading order
Real radiation Feynman diagrams Virtual loop Feynman diagrams
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Partonic Cross Section: Drell-Yan Process
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l k p1

<latexit sha1_base64="Z1qWXLubxxiwQymV7uHDQIX/25Y=">AAAB+HicdZDLSgMxFIYz9VbrpaMu3QSL4GrIlFZdFt24rGAv0A4lk2ba0EwyJBmllj6JGxeKuPVR3Pk2ZtoRVPRAyM/3n0NO/jDhTBuEPpzCyura+kZxs7S1vbNbdvf221qmitAWkVyqbog15UzQlmGG026iKI5DTjvh5DLzO7dUaSbFjZkmNIjxSLCIEWwsGrhlDvuKjcYGKyXvIBq4FeTVka0qRF521+owJ3XoLwhCFZBXc+C+94eSpDEVhnCsdc9HiQlmWBlGOJ2X+qmmCSYTPKI9KwWOqQ5mi8Xn8NiSIYykskcYuKDfJ2Y41noah7Yzxmasf3sZ/MvrpSY6D2ZMJKmhgiwfilIOjYRZCnDIFCWGT63ARDG7KyRjrDAxNquSDeHrp/B/0a56/qlXu65VGhd5HEVwCI7ACfDBGWiAK9AELUBACh7AE3h27p1H58V5XbYWnHzmAPwo5+0TVVSS5Q==</latexit>

l ! 0

<latexit sha1_base64="WwbzGLrQh3iNGYSVYVG05LvJoyo=">AAAB/XicdZDLSgMxFIYzXmu9jZedm2ARXA3T0qrLohuXFewF2qFk0kwbmskMyRllLMVXceNCEbe+hzvfxkw7gooeCPn5/nPIye/Hgmtw3Q9rYXFpeWW1sFZc39jc2rZ3dls6ShRlTRqJSHV8opngkjWBg2CdWDES+oK1/fFF5rdvmNI8kteQxswLyVDygFMCBvXtfYF7ig9HQJSKbnGPywDSvl1ynZprqoJdJ7urNZyTGi7PiOuWUF6Nvv3eG0Q0CZkEKojW3bIbgzchCjgVbFrsJZrFhI7JkHWNlCRk2pvMtp/iI0MGOIiUORLwjH6fmJBQ6zT0TWdIYKR/exn8y+smEJx5Ey7jBJik84eCRGCIcBYFHnDFKIjUCEIVN7tiOiKKUDCBFU0IXz/F/4tWxSmfONWraql+nsdRQAfoEB2jMjpFdXSJGqiJKLpDD+gJPVv31qP1Yr3OWxesfGYP/Sjr7RO6JpVt</latexit>

l ! 1

Soft divergence

or Collinear divergence

Ultraviolet divergence
Divergent Terms Cancel!!! 

Leading order

Next-to-leading order
Real radiation Feynman diagrams Virtual loop Feynman diagrams
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<latexit sha1_base64="sXVxfuL0IapfEKXfh2yxB92STV8=">AAAB8HicdVBNS8NAEJ3Ur1q/qh69LBbBU0jS2tZb0YvHCrZV2lA22227dDcJuxuhhP4KLx4U8erP8ea/cdNWUNEHA4/3ZpiZF8ScKe04H1ZuZXVtfSO/Wdja3tndK+4ftFWUSEJbJOKRvA2wopyFtKWZ5vQ2lhSLgNNOMLnM/M49lYpF4Y2extQXeBSyISNYG+lu1E97UiA16xdLjn1er3pnHnJsx6l55WpGvFrFKyPXKBlKsESzX3zvDSKSCBpqwrFSXdeJtZ9iqRnhdFboJYrGmEzwiHYNDbGgyk/nB8/QiVEGaBhJU6FGc/X7RIqFUlMRmE6B9Vj99jLxL6+b6GHdT1kYJ5qGZLFomHCkI5R9jwZMUqL51BBMJDO3IjLGEhNtMiqYEL4+Rf+Ttme7VbtyXSk1LpZx5OEIjuEUXKhBA66gCS0gIOABnuDZktaj9WK9Llpz1nLmEH7AevsELGKQrQ==</latexit>gs

<latexit sha1_base64="sXVxfuL0IapfEKXfh2yxB92STV8=">AAAB8HicdVBNS8NAEJ3Ur1q/qh69LBbBU0jS2tZb0YvHCrZV2lA22227dDcJuxuhhP4KLx4U8erP8ea/cdNWUNEHA4/3ZpiZF8ScKe04H1ZuZXVtfSO/Wdja3tndK+4ftFWUSEJbJOKRvA2wopyFtKWZ5vQ2lhSLgNNOMLnM/M49lYpF4Y2extQXeBSyISNYG+lu1E97UiA16xdLjn1er3pnHnJsx6l55WpGvFrFKyPXKBlKsESzX3zvDSKSCBpqwrFSXdeJtZ9iqRnhdFboJYrGmEzwiHYNDbGgyk/nB8/QiVEGaBhJU6FGc/X7RIqFUlMRmE6B9Vj99jLxL6+b6GHdT1kYJ5qGZLFomHCkI5R9jwZMUqL51BBMJDO3IjLGEhNtMiqYEL4+Rf+Ttme7VbtyXSk1LpZx5OEIjuEUXKhBA66gCS0gIOABnuDZktaj9WK9Llpz1nLmEH7AevsELGKQrQ==</latexit>gs

<latexit sha1_base64="sXVxfuL0IapfEKXfh2yxB92STV8=">AAAB8HicdVBNS8NAEJ3Ur1q/qh69LBbBU0jS2tZb0YvHCrZV2lA22227dDcJuxuhhP4KLx4U8erP8ea/cdNWUNEHA4/3ZpiZF8ScKe04H1ZuZXVtfSO/Wdja3tndK+4ftFWUSEJbJOKRvA2wopyFtKWZ5vQ2lhSLgNNOMLnM/M49lYpF4Y2extQXeBSyISNYG+lu1E97UiA16xdLjn1er3pnHnJsx6l55WpGvFrFKyPXKBlKsESzX3zvDSKSCBpqwrFSXdeJtZ9iqRnhdFboJYrGmEzwiHYNDbGgyk/nB8/QiVEGaBhJU6FGc/X7RIqFUlMRmE6B9Vj99jLxL6+b6GHdT1kYJ5qGZLFomHCkI5R9jwZMUqL51BBMJDO3IjLGEhNtMiqYEL4+Rf+Ttme7VbtyXSk1LpZx5OEIjuEUXKhBA66gCS0gIOABnuDZktaj9WK9Llpz1nLmEH7AevsELGKQrQ==</latexit>gs

<latexit sha1_base64="sXVxfuL0IapfEKXfh2yxB92STV8=">AAAB8HicdVBNS8NAEJ3Ur1q/qh69LBbBU0jS2tZb0YvHCrZV2lA22227dDcJuxuhhP4KLx4U8erP8ea/cdNWUNEHA4/3ZpiZF8ScKe04H1ZuZXVtfSO/Wdja3tndK+4ftFWUSEJbJOKRvA2wopyFtKWZ5vQ2lhSLgNNOMLnM/M49lYpF4Y2extQXeBSyISNYG+lu1E97UiA16xdLjn1er3pnHnJsx6l55WpGvFrFKyPXKBlKsESzX3zvDSKSCBpqwrFSXdeJtZ9iqRnhdFboJYrGmEzwiHYNDbGgyk/nB8/QiVEGaBhJU6FGc/X7RIqFUlMRmE6B9Vj99jLxL6+b6GHdT1kYJ5qGZLFomHCkI5R9jwZMUqL51BBMJDO3IjLGEhNtMiqYEL4+Rf+Ttme7VbtyXSk1LpZx5OEIjuEUXKhBA66gCS0gIOABnuDZktaj9WK9Llpz1nLmEH7AevsELGKQrQ==</latexit>gs

<latexit sha1_base64="37FIzf8T105K/A/a0ppKFghs+5w=">AAAB+HicdZDLSgMxFIYz9VbrpaMu3QSL4GpIS6sui25cVrAXaIeSSTNtaCYZkoxShz6JGxeKuPVR3Pk2ZtoRVPRAyM/3n0NO/iDmTBuEPpzCyura+kZxs7S1vbNbdvf2O1omitA2kVyqXoA15UzQtmGG016sKI4CTrvB9DLzu7dUaSbFjZnF1I/wWLCQEWwsGrrlKRwoNp4YrJS8g2joVpDXQLZqEHnZXW/AnDRgdUEQqoC8WkP3fTCSJImoMIRjrftVFBs/xcowwum8NEg0jTGZ4jHtWylwRLWfLhafw2NLRjCUyh5h4IJ+n0hxpPUsCmxnhM1E//Yy+JfXT0x47qdMxImhgiwfChMOjYRZCnDEFCWGz6zARDG7KyQTrDAxNquSDeHrp/B/0al51VOvfl2vNC/yOIrgEByBE1AFZ6AJrkALtAEBCXgAT+DZuXcenRfnddlacPKZA/CjnLdPU8KS5A==</latexit>

k ! 0 Soft divergence
<latexit sha1_base64="kAVxDEIjWYMlVzSpIGlquqt2smY=">AAAB+HicdZDLSgMxFIYzXmu9dNSlm2ARXA2Z0qrLohuXFewF2mHIpJk2NJMJSUaopU/ixoUibn0Ud76NmXYEFT0Q8vP955CTP5KcaYPQh7Oyura+sVnaKm/v7O5V3P2Djk4zRWibpDxVvQhrypmgbcMMpz2pKE4iTrvR5Cr3u3dUaZaKWzOVNEjwSLCYEWwsCt3KBA4kVphzyqEM/dCtIq+BbNUg8vK73oAFaUB/QRCqgqJaofs+GKYkS6gwhGOt+z6SJphhZRjhdF4eZJpKTCZ4RPtWCpxQHcwWi8/hiSVDGKfKHmHggn6fmOFE62kS2c4Em7H+7eXwL6+fmfgimDEhM0MFWT4UZxyaFOYpwCFTlBg+tQITxeyukIxtDMTYrMo2hK+fwv9Fp+b5Z179pl5tXhZxlMAROAanwAfnoAmuQQu0AQEZeABP4Nm5dx6dF+d12briFDOH4Ec5b58PzJK4</latexit>

k k p1
<latexit sha1_base64="k+RfBmCJOODDTUSEwiIGDCJo7zs=">AAAB+HicdZDLSgMxFIYzXmu9dNSlm2ARXA1padVl0Y3LCvYC7TBk0kwbmsmEJCPUoU/ixoUibn0Ud76NmXYEFT0Q8vP955CTP5ScaYPQh7Oyura+sVnaKm/v7O5V3P2Drk5SRWiHJDxR/RBrypmgHcMMp32pKI5DTnvh9Cr3e3dUaZaIWzOT1I/xWLCIEWwsCtzKFA4lVphzyqEM6oFbRV4T2apD5OV3owkL0oS1BUGoCopqB+77cJSQNKbCEI61HtSQNH6GlWGE03l5mGoqMZniMR1YKXBMtZ8tFp/DE0tGMEqUPcLABf0+keFY61kc2s4Ym4n+7eXwL2+QmujCz5iQqaGCLB+KUg5NAvMU4IgpSgyfWYGJYnZXSCY2BmJsVmUbwtdP4f+iW/dqZ17jplFtXRZxlMAROAanoAbOQQtcgzboAAJS8ACewLNz7zw6L87rsnXFKWYOwY9y3j4BEVCSuQ==</latexit>

k k p2 Collinear divergenceor
<latexit sha1_base64="jVltnCR01uMt977EySCPsjimIew=">AAAB+HicdZDLSgMxFIYzXmu9dNSlm2ARXA2Z0qrLohuXFewF2mHIpJk2NJMJSUaopU/ixoUibn0Ud76NmXYEFT0Q8vP955CTP5KcaYPQh7Oyura+sVnaKm/v7O5V3P2Djk4zRWibpDxVvQhrypmgbcMMpz2pKE4iTrvR5Cr3u3dUaZaKWzOVNEjwSLCYEWwsCt0KhwOJFeaccijDWuhWkddAtmoQefldb8CCNKC/IAhVQVGt0H0fDFOSJVQYwrHWfR9JE8ywMoxwOi8PMk0lJhM8on0rBU6oDmaLxefwxJIhjFNljzBwQb9PzHCi9TSJbGeCzVj/9nL4l9fPTHwRzJiQmaGCLB+KMw5NCvMU4JApSgyfWoGJYnZXSMY2BmJsVmUbwtdP4f+iU/P8M69+U682L4s4SuAIHINT4INz0ATXoAXagIAMPIAn8OzcO4/Oi/O6bF1xiplD8KOct08S4pK6</latexit>

l k p2
<latexit sha1_base64="WtbQ9STjKmY3Uv8H1DN8Xc7Rvlk=">AAAB+HicdZDLSgMxFIYzXmu9dNSlm2ARXA2Z0qrLohuXFewF2mHIpJk2NJMJSUaopU/ixoUibn0Ud76NmXYEFT0Q8vP955CTP5KcaYPQh7Oyura+sVnaKm/v7O5V3P2Djk4zRWibpDxVvQhrypmgbcMMpz2pKE4iTrvR5Cr3u3dUaZaKWzOVNEjwSLCYEWwsCt0KhwOJFeaccihDP3SryGsgWzWIvPyuN2BBGtBfEISqoKhW6L4PhinJEioM4Vjrvo+kCWZYGUY4nZcHmaYSkwke0b6VAidUB7PF4nN4YskQxqmyRxi4oN8nZjjReppEtjPBZqx/ezn8y+tnJr4IZkzIzFBBlg/FGYcmhXkKcMgUJYZPrcBEMbsrJGMbAzE2q7IN4eun8H/RqXn+mVe/qVebl0UcJXAEjsEp8ME5aIJr0AJtQEAGHsATeHbunUfnxXldtq44xcwh+FHO2ycRXpK5</latexit>

l k p1

<latexit sha1_base64="Z1qWXLubxxiwQymV7uHDQIX/25Y=">AAAB+HicdZDLSgMxFIYz9VbrpaMu3QSL4GrIlFZdFt24rGAv0A4lk2ba0EwyJBmllj6JGxeKuPVR3Pk2ZtoRVPRAyM/3n0NO/jDhTBuEPpzCyura+kZxs7S1vbNbdvf221qmitAWkVyqbog15UzQlmGG026iKI5DTjvh5DLzO7dUaSbFjZkmNIjxSLCIEWwsGrhlDvuKjcYGKyXvIBq4FeTVka0qRF521+owJ3XoLwhCFZBXc+C+94eSpDEVhnCsdc9HiQlmWBlGOJ2X+qmmCSYTPKI9KwWOqQ5mi8Xn8NiSIYykskcYuKDfJ2Y41noah7Yzxmasf3sZ/MvrpSY6D2ZMJKmhgiwfilIOjYRZCnDIFCWGT63ARDG7KyRjrDAxNquSDeHrp/B/0a56/qlXu65VGhd5HEVwCI7ACfDBGWiAK9AELUBACh7AE3h27p1H58V5XbYWnHzmAPwo5+0TVVSS5Q==</latexit>

l ! 0

<latexit sha1_base64="WwbzGLrQh3iNGYSVYVG05LvJoyo=">AAAB/XicdZDLSgMxFIYzXmu9jZedm2ARXA3T0qrLohuXFewF2qFk0kwbmskMyRllLMVXceNCEbe+hzvfxkw7gooeCPn5/nPIye/Hgmtw3Q9rYXFpeWW1sFZc39jc2rZ3dls6ShRlTRqJSHV8opngkjWBg2CdWDES+oK1/fFF5rdvmNI8kteQxswLyVDygFMCBvXtfYF7ig9HQJSKbnGPywDSvl1ynZprqoJdJ7urNZyTGi7PiOuWUF6Nvv3eG0Q0CZkEKojW3bIbgzchCjgVbFrsJZrFhI7JkHWNlCRk2pvMtp/iI0MGOIiUORLwjH6fmJBQ6zT0TWdIYKR/exn8y+smEJx5Ey7jBJik84eCRGCIcBYFHnDFKIjUCEIVN7tiOiKKUDCBFU0IXz/F/4tWxSmfONWraql+nsdRQAfoEB2jMjpFdXSJGqiJKLpDD+gJPVv31qP1Yr3OWxesfGYP/Sjr7RO6JpVt</latexit>

l ! 1

Soft divergence

or Collinear divergence

Ultraviolet divergence

Leading order

Next-to-leading order
Real radiation Feynman diagrams Virtual loop Feynman diagrams

Identified partons Collinear divergence remains! Renormalise bare PDFs in the initial 
state and FFs in the final state

Process independent
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Universal Factorization

Reduction of kinematic variables (simplification), factorization, recursion properties, universal divergent 
behaviour, etc.

Scattering amplitudes exhibit interesting properties in the soft and collinear limits

(Massless) Particles emitted with zero energy Soft limit

M
...

1
2

m

p1 → 0
Eikonal Factor ⊗ M

2

...

(Massless) Particles emitted in the same direction Collinear limit

M

1 2
3

m

...
p1 ∥ p2

M

3
P̃

m

... × P̃
1

2
Splitting Matrix

m

[Collins, Soper, Sterman (1989)]

Collinear factorization is 
more universal…

At the squared amplitude level, 
it is called Splitting Kernel



Singular Elements
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Subtraction scheme

Resummation

Parton shower

Scale evolution 
of PDFs and FFs

For massless case, both Soft Currents and Collinear Splitting Kernels are known to N3LO

For massive case, Soft Currents are known to NNLO in perturbation theory

In the case of splitting processes involving massive quarks, only Double Collinear splittings 
at tree-level are known 

To control dominant mass effects such as , it is important to calculate triple-collinear 
splittings at tree-level and double-collinear splittings at 1-loop level.

lnn (Q2/m2)
[Keller ’98, Catani ’00]



Massive Splitting Processes

Quasi-collinear Limit

Triple Collinear Splitting Processes at Tree-level

Splitting Matrices

Summary & Future Outlook

Outline

Double Collinear Splittings

Splitting Kernels
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Notations

Define an on-shell momentum

such that

Sudakov momenta parametrisation

Boost invariant variables

with with
m

∑
i=1

k̃μ
i = 0

08

[Catani ’99,  Catani ’02, Catani ’11, Czakon ’22]



Quasi-collinear Limit

Lorenz invariants

09

Quasi-collinear limit is defined by

with

[Keller ’98, Catani ’00]



Quasi-collinear Limit

Amplitude level factorisation

Splitting kernel

Averaged over spin/polarisations of the parent parton

10

Splitting matrices Reduced ME

Quark: Gluon:

[Keller ’98, Catani ’00]



Tree-level Double Collinear Splittings

mQ → 0

Massless case
mQ → 0

Massless case
11

[Catani ’00]



Splitting Matrices
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Splitting processes:

Splitting matrices:

Color structure:

Spin structure:



Splitting Matrices
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Color structure:

Spin structure:

Splitting matrices:



Splitting Kernels
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Q Q3

Q̄′￼1

Q′￼2

Massless case

s12 → s̃12

Confirmed by Craft, Gonzalez, Lee, Mecaj, Moult - 2310.06736



Splitting Kernels
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Massless case

Q2Q2
Q2

Q̄3 Q̄3 Q̄3



Splitting Kernels
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Massless case
s123 → s̃123

Q2Q2
Q2

Q̄3 Q̄3 Q̄3
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Summary & Future Outlook

Singular elements coming from the QCD factorisation in the (quasi)collinear limit are key ingredients 
in the prediction of higher order contributions to jet observables 

In case of splittings involving massive quarks such as bottom and charm quarks, these singular 
elements provide dominant mass effects

For NNLO calculations, the relevant splitting processes are triple-collinear splittings at tree-level and 
double-collinear splittings at 1-loop level. At present, we have studied only the triple collinear 
splittings in so-called quasi-collinear limit

Our next task will be to study 1-loop double collinear splittings in the quasi-collinear limit
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Singular elements coming from the QCD factorisation in the (quasi)collinear limit are key ingredients 
in the prediction of higher order contributions to jet observables 

In case of splittings involving massive quarks such as bottom and charm quarks, these singular 
elements provide dominant mass effects

For NNLO calculations, the relevant splitting processes are triple-collinear splittings at tree-level and 
double-collinear splittings at 1-loop level. At present, we have studied only the triple collinear 
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Thank You


