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The bare Lagrangian density

 ● The bare Lagrangian is a mathematical quantity, 
    from which we derive the equations of motion of the fields and the scattering amplitudes

    It describes a k-fold infinite set of possible theories, parametric in the k masses and couplings
       (changing the value of the electric charge affects the chemistry but not the physics of our world!)

 ● A precise, physical, meaning of the Lagrangian is achieved imposing the renormalisation conditions

    The renormalisation program is not specifically related to the UV divergences, 
    but it rather solves the k-fold infinite degeneracy of the bare lagrangian, 
          choosing a specific value and meaning for the couplings

 ● The renormalisation conditions are imposed at a given energy scale, the renormalisation scale.
    The dependence of the theory on this choice is controlled by the Renormalization Group Equations
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The couplings in the Lagrangian and their relation to physical quantities

 ● The EW SM is invariant under the gauge group , with gauge couplings  and 
    The scalar sector depends on the VEV  of the Higgs field and on the quartic scalar coupling 
    Neglecting the fermion masses and the fermion-scalar interaction, the theory is fully specified by 4 couplings

 ● In the construction of the SM there are two neutral currents
     we impose that one is the electromagnetic current, coupling to the photon field          
     the second neutral current is in turn a prediction, coupling to the Z-boson field 

     The fields  and  are a linear combination of the  gauge fields, with a rotation angle 

      and the electric charge is 

 ● After spontaneous symmetry breaking, the gauge bosons acquire mass, via the Higgs mechanism

                                            ,    ,    while the Higgs boson mass is 

 ● The Lagrangian couplings are in simple direct relation with four physical parameters

                                                              (the weak mixing angle is a derived parameter)

SU(2)L × U(1)Y g g′ 

v λ

Aμ

Zμ

Aμ Zμ SU(2)L × U(1)Y tan θW =
g′ 

g
e = g sin θW

mW =
1
2

gv mZ =
1
2

v g2 + g′ 2 mH = v 2λ

(g, g′ , v, λ) ↔ (e, mW, mZ, mH)
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A simple renormalisation scheme (Sirlin 1980)

 ● The tree level relations between the Lagrangian couplings and the chosen physical parameters hold for the bare quantities

                                           ,    ,   ,    

 ●  We express the bare physical parameters in terms of renormalised ones and counterterms
                 ,   ,   ,   

   and also the same replacement for the Lagrangian couplings
                 ,  ,  ,  

 ● We expand in powers of  the relations and identify the coefficients, order by order   
                     
    The Lagrangian coupling counterterms  can be expressed as a linear combination of 

 ● How can we compute   ?

e0 =
g0 g′ 0

g2
0 + g′ 2

0

mW,0 =
1
2

g0 v0 mZ,0 =
1
2

v0 g2
0 + g′ 2

0 mH,0 = v0 2λ0

e0 = e + δ e m2
W,0 = m2

W + δm2
W m2

Z,0 = m2
Z + δm2

Z m2
H,0 = m2

H + δm2
H

g0 = g + δg g′ 0 = g′ + δg′ v0 = v + δv λ0 = λ + δλ

ℏ
δa = (ℏ)1δa(1) + (ℏ)2δa(2) + (ℏ)3δa(3) + . . .

(δg, δg′ , δv, δλ) (δe, δm2
W, δm2

Z, δm2
H,)

(δe, δm2
W, δm2

Z, δm2
H)
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Renormalisation conditions I

 ● The counterterm defines the renormalised parameter 
    The relation between the renormalised parameter and the experimental input must then be specified

● In the on-shell renormalisation scheme, the renormalised mass coincides with the pole of the propagator
                                           

 with   

 ● In the on-shell renormalisation scheme, the request of probabilistic interpretation of the fields, 
    leads to a condition on the residue of the propagator, which must be 1 

    This leads to the definition of the renormalised fields     with  

 ● These definitions stem from the study of the propagator and are completely general, for each field

1
p2 − m2

0 + Σ(p2)
=

1
p2 − m2 − δm2 + Σ(p2)

=
1

p2 − m2 − δm2 + Σ(m2) + (p2 − m2)Σ′ (m2) + . . .
=

1
(p2 − m2) (1 + Σ′ (m2))

δm2 = Σ(m2)

ϕ0 = ϕ Z
1
2
wf Zwf = 1 + Σ′ (m2)
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Renormalisation conditions II

 ● The electric charge counterterm is defined via the study of the Thomson scattering
     i.e. the emission of a photon off a fermion, at vanishing momentum transfer 

 ● In the on-shell renormalisation scheme, the electric charge counterterm is defined in such a way that 
    the renormalised charge coincides with the experimental charge, at all orders in perturbation theory
     i.e. the counterterm cancels, order by order, the radiative corrections to the Thomson scattering, 
          in that specific phase-space point

 ● The QED Ward Identities lead to an exact cancellation of vertex and fermionic WF corrections, 
    so that the electric charge counterterm depends only on the external photon WF factor → universality of the electric charge

 ● The QED WIs can be restored in the full SM, by a convenient choice of the gauge fixing: the Background Field Gauge
     → also in the full SM the electric charge counterterm depends only on the external photon WF factor,
          which now includes also bosonic corrections
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The renormalised Lagrangian and the choice of the input parameters

 ●  Once   have been computed from the relevant self-energies,  
     the Lagrangian is completely assigned and expressed in terms of   
     PS: the weak mixing angle is not another independent parameter

 ● Is this choice of input parameters unique?        no: we could use also  or  replacing  or 

   
 ● How do we choose the input parameters?
              1) minimize the parametric uncertainty of the final results  →   are the best known quantities

              2) avoid the dependence on non-perturbative QCD uncertainties  → 

              3) reabsorb in the definition of the input parameters large radiative corrections →  makes it
              4) extract from the data the value of one input parameter via a fitting procedure
                     →  allows to fit ,   instead   is needed to fit 

(δe, δm2
W, δm2

Z, δm2
H)

(e, mW, mZ, mH)

Gμ sin2 θℓ
eff e mW

(α, Gμ, mZ, mH)
(Gμ, mW, mZ, mH)

(Gμ, mW, mZ, mH)

(Gμ, mW, mZ, mH) mW (Gμ, sin2 θℓ
eff , mZ, mH) sin2 θℓ

eff
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The independence of the QED corrections of the underlying model (Fermi theory vs SM) allows 

   -  to define  and to measure its value with high precision        = 1.1663787(6)  10⁻⁵   GeV⁻²

   - to “reabsorb” in the  definition the large logarithmic QED effects

 

Gμ Gμ

Gμ

QED corrections to         necessary for precise determination of 
                                           computable in the Fermi theory (Kinoshita, Sirlin, 1959)

Γμ Gμ

Fermi theory of β decay             

muon decay µ� ! ⌫µe
�⌫̄e

1

⌧µ
! �µ ! Gµ

8

The Fermi constant and the parameterisation of the charged-current weak interaction
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The Fermi constant and the parameterisation of the charged-current weak interaction
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 ● The Fermi theory and the SM can be identified, i.e. matched
   imposing that the muon decay amplitude at zero momentum transfer, in the two theories, coincide

                                     

   - the QED corrections, identical in both models, simplify
   - the non-QED corrections contribute to the definition of the matching at a given perturbative order, via 

 ● It is possible to compute  using   as inputs in the on-shell scheme

                               and approximately     

 ●   is a finite physical correction.
     Its inclusion allows to use  as input to express the strength of the weak interaction

Gμ

2
=

g2

8m2
W

(1 + Δr)

Δr

Δr (e, mW, mZ, mH)

Δr = Δα(m2
Z) −

cos2 θW

sin2 θW
ρ + Δrrem Δr ∼ 0.07 − 3 ⋅ 0.01 + 𝒪(0.001) ∼ 0.035

Δr
Gμ
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Predictivity of the Standard Model
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LSM = LSM (α, Gµ, mZ ;mH ;mf ;CKM)

Gµ
√

2
=

g2

8m2

W

(1 + ∆r) m2
W =

m2
Z

2

 
1 +

s
1� 4⇡↵

Gµ

p
2m2

Z

(1 +�r)

!

We trade  for  among the inputs, and solve the matching condition for mW Gμ mW
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Extracting SM parameters from the kinematical distributions (e.g. at the LHC)
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 ● The Drell-Yan kinematical distributions can be computed in terms of the Lagrangian input parameters

    If we keep  among the parameters, then we can compute several times e.g. the  distributions, 
       with different  values  (i.e. we prepare the “templates”) and we can test which one best fits to the data

    This is not possible e.g. in the  input-scheme choice, because in this case  is fixed, is a prediction

mW dσ/dpℓ
⊥

mW

(α, Gμ, mZ, mH) mW

 ● The same argument must be applied to the extraction of the effective weak mixing angle:
     → we need to have  among the inputs 

   The presence of  among the inputs implies that we can renormalise this parameter in the SM

    Applying an “on-shell” definition, we define the counterterm in such a way that, order by order in perturbation theory,
    the renormalised parameter coincides with the experimental value, defined exactly at , like at LEP.

   In practice, the counterterm subtracts systematically all the radiative corrections 
   which contribute to the redefinition of the vector coupling of the Z boson to fermions

sin2 θℓ
eff

sin2 θℓ
eff

q2 = m2
Z
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Observables and pseudo-observables: gauge invariance issues
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 ● The quantisation of the gauge theory requires the introduction of a gauge fixing term
          which explicitly breaks the gauge invariance, leading to gauge dependent Green’s functions

    The BRS symmetry, including the Faddeev-Popov ghosts, guarantees that the S-matrix elements (→ the xsecs)
          are gauge invariant

   What about the parameters, like masses and couplings ?

 ●  The position of the pole of the propagator, that we interpret as mass of the particle, depends on the mass ct definition

     If   , then, starting from 2-loop EW,  gauge dependent terms contribute to the renormalised mass

     The request that the mass ct completely removes the self-energy contribution,  , 
           solves the gauge invariance problem to all orders

     The couplings of the bare Lagrangian are real valued, and so it is the bare mass
     The gauge boson self-energy is complex valued, because of several internal thresholds
     The mass ct must be complex valued as well, because it exactly subtracts the self-energy 
     The renormalised mass is thus complex valued.    
 

δm2
Z = Re(ΣZZ(p2 = m2

Z))

δμ2
Z = ΣZZ(p2 = μ2

Z)

m2
0 = μ2 + δμ2
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Observables and pseudo-observables: gauge invariance issues
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 ● The fact that an internal parameter is gauge dependent does not spoil the property that the xsecs are gauge invariant
    but
    if we try to fit that parameter and give it a physical meaning, it better be gauge invariant!

    For this reason, the complex-mass scheme has become popular in the last 15 years, in EW physics, to describe unstable particles

 ● The complex mass has two real-valued parameters, that we interpret as mass and decay-width of the particle: 

     only one of the two is a free input parameter, the mass;
     the second parameter, the decay width, has to be computed according to the rules of the theory

  ● The decay width can be derived, according to the optical theorem, from the imaginary part of the self-energy of the boson.
      For consistency, in a calculation at NᴷLO, we need the imaginary part of a self-energy a (k+1) loops

  ● All the Lagrangian bare parameters are real valued.  
     The presence of complex-valued masses has a simple interpretation in the description of a resonance (position and width)
     The presence of complex-valued couplings instead should not be “dramatized”: it is a rearrangement of the amplitude.

     E.g. a quantity defined in analogy to the weak mixing angle  consistently develops an imaginary part,

          just as a factor which enters in the amplitude (Green’s functions are in general complex valued)

μ = m −
i
2

Γ

s2
w = 1 −

μ2
W

μ2
Z
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 ●   

In the  vertex the  gauge symmetry protects
 the magnetic form factor from getting renormalized

the electric charge CT  cancel the UV divergences 
stemming from the  self-energy 
(in BGF, thanks to the restored transversality of the self-energy)

γff̄ ∝ ie0Qfγμ

γff̄ U(1)em

γγ

The   vertexγff̄
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 ●   

In the  vertex the  gauge symmetry protects
 the magnetic form factor from getting renormalized

the electric charge CT  cancel the UV divergences 
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γff̄ ∝ ie0Qfγμ

γff̄ U(1)em

γγ

The   vertexγff̄
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  ● 

In the  vertex we recognize the combination of the third weak isospin current with the e.m. current 
          the corresponding couplings get renormalized

          the CTs of the overall coupling cancel the UV divergences stemming from the  self-energy (in BGF)
                    the finite corrections contribute to the definition of the  parameter
          the CTs of the  in the e.m. current component cancel the UV divergences stemming from the  self-energy (in BGF)
                    the finite corrections partially contribute to the definition of an effective weak mixing angle via the  parameter

Zff̄ ∝ i
g0

c0
γμ (T3

1 − γ5

2
− s2

0Qf)
Zff̄

ZZ
→ ρ

s2 γZ
→ κ

The    vertexZff̄

16



17

  ● 

                                   

Zff̄ ∝ i
g0

c0
γμ (T3

1 − γ5

2
− s2

0Qf)
↓

i
g
c

(1 + Δρ̃) γμ (T3
1 − γ5

2
− s2 (1 + Δκ̃) Qf)

The    vertexZff̄
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BFG EW Ward identity     →    cancellation of the UV divergences combining vertex and fermion WF corrections 

Gauge boson renormalised propagators

while �g
Gµ

Z is relevant in the (Gµ, µW , µZ) input scheme

g0
c0

=
q
4
p
2Gµµ2

Z


1� 1

2
�r +

1

2

✓
2
�e

e
+

s2 � c2

c2
�s2

s2

◆�
⌘

q
4
p
2Gµµ2

Z

⇣
1 + �g

Gµ

Z

⌘
(2.18)

Analogously, in the case of the �ff̄ vertex, the electric charge renormalization is given by

g0s0 = e0 = e↵ren + �e ⌘ e↵ren (1 + �g↵A) (2.19)

in the (↵, µW , µZ) scheme [73] and by

g0s0 =
q

4
p
2Gµµ2

Ws2
⇥
1 + 1

2

�
��r + 2 �e

e

�⇤
⌘ e

Gµ
ren

⇣
1 + �g

Gµ

A

⌘
(2.20)

in the (Gµ, µW , µZ) scheme.

2.3.2 Renormalisation of the gauge boson propagators

[General: american or biritsh? Renormalised or renormalized? Both appear.] The renor-

malised 1PI gauge boson self-energies are obtained, at 1-loop, by combining the unrenor-

malised self-energy expressions with the mass and wave function counterterms. In the

full calculation, we never introduce wave function counterterms on the internal lines, be-

cause they would systematically cancel. We exploit instead the relation in the SM between

the wave function and charge counterterms and we directly use the latter to define the

renormalised self-energies. We obtain:

⌃AA
R,T (q

2) = ⌃AA
T (q2) + 2 q2 �gA (2.21)

⌃ZZ
R,T (q

2) = ⌃ZZ
T (q2)� �µ2

Z + 2 (q2 � µ2
Z) �gZ (2.22)

⌃AZ
R,T (q

2) = ⌃AZ
T (q2)� q2

�s2

sc
(2.23)

⌃ZA
R,T (q

2) = ⌃ZA
T (q2)� q2

�s2

sc
, (2.24)

where ⌃V V
T and ⌃V V

R,T are the transverse part of the bare and renormalised V V vector bo-

son self-energy. The factors 2 in the AA,ZZ renormalised self-energies take into account

the contributions from both quark and lepton vertices. The AZ and ZA renormalised

self-energies include the �s2 corrections stemming from the quark and the lepton vertices

respectively. The charge counterterms have been defined in Equations (2.17-2.20). At

O(↵↵s) the structure of these contributions does not change: the corrections to the gauge

boson self-energies stem from a quark loop with one internal gluon exchange and, in addi-

tion, from the O(↵s) mass renormalization of the quark lines in the 1-loop self-energies.

We adopt the complex mass scheme [74] to define the renormalised mass of the gauge

bosons and the corresponding counterterms have been introduced in Eq.(2.15). In terms

of gauge boson self-energies, they are defined as follows:

�µ2
V = ⌃V V

T (µ2
V ) . (2.25)

at the pole in the complex plane q2 = µ2
V of the gauge boson propagator.

The expression of the 2-loop Feynman integrals needed to evaluate theO(↵↵s) correction

to the gauge boson propagators and all the needed counterterms can be found in Refs. [57,

71, 72].
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1

2

✓
2
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e
+

s2 � c2

c2
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s2
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q
4
p
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Z
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2Gµµ2

Ws2
⇥
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and all the Lorentz indices are considered to be d-dimensional.

The presence of a prescription-dependent term of O(") in the squared matrix element

a↵ects all the coe�cients in the Laurent expansion, with the exception of the highest pole:

in fact, the product of a term of O(") with a singular factor "�k, with k > 0, generates a

contribution of O("�k+1). Such prescription-dependent terms will be generated both in the

unsubtracted squared matrix element and in the subtraction term. The cancellation of the

IR singularities, expected on general grounds, requires that also the prescription-dependent

terms cancel accordingly. In the present calculation, the IR subtraction term is computed

by following the properties of universality of the radiation in the IR limits, combining the

universal divergent structure with the Born and one-loop amplitudes. The construction

of this subtraction term is completely independent with respect to the evaluation of the

two-loop amplitude and it provides a non-trivial check of our algebraic manipulations. We

observe the cancellation of lower orders poles, when combining the full 2-loop amplitude

with the subtraction term, which hints in favour of the consistency of our approch.

2.3 Ultraviolet renormalisation

The renormalization at O(↵↵s) of the neutral current DY process has already been dis-

cussed in detail in Ref. [57]. We report here the basic steps that we implemented to obtain

the complete 2-loop renormalised amplitude.

2.3.1 Charge renormalisation

The bare gauge couplings g0, g00 and the Higgs doublet vacuum expectation value v0 are

expressed in terms of their renormalised counterparts g, g0, v via the introduction of ap-

propriate counterterms. The relation of g, g0, v to a set of three measurable quantities, like

for instance Gµ, µW , µZ (the Fermi constant and the masses of the W and Z bosons) or

↵, µW , µZ (with ↵ the fine structure constant), allows the numerical evaluation of the ampli-

tude. We introduce for convenience two additional bare quantities: the sinus squared of the

on-shell weak mixing angle, which we abbreviate as s20 = sin2 ✓W0 = 1� µ2
W0
µ2
Z0

, c20 = 1� s20,

and the electric charge e0 = g0s0. Clearly only three of these parameters are independent.

We rely on the relation between the Fermi constant and the muon-decay amplitude

Gµp
2
=

g20
8m2

W0

(1 +�r) (2.14)

where the correction �r was introduced in Ref. [70] and its O(↵↵s) corrections were pre-

sented in Ref. [71, 72]. After the introduction of the counterterms

µ2
W0 = µ2

W + �µ2
W , µ2

Z0 = µ2
Z + �µ2

Z , e0 = e+ �e (2.15)

�s2

s2
=

c2

s2

✓
�µ2

Z

µ2
Z

� �µ2
W

µ2
W

◆
(2.16)

we consider the bare couplings which appear at tree-level in the photon- and Z-exchange

Feynman diagrams and work them out. The UV divergent correction factors �g↵Z con-

tributes to the charge renormalization of the Zff̄ vertex in the (↵, µW , µZ) input scheme

g0
c0

=
e

cs


1 +

1

2

✓
2
�e

e
+

s2 � c2

c2
�s2

s2

◆�
⌘ e

cs
(1 + �g↵Z) (2.17)
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Complex mass scheme

The bare couplings of Z and photon to fermions
in the  input scheme
are given by

(Gμ, μW, μZ)

while �g
Gµ

Z is relevant in the (Gµ, µW , µZ) input scheme
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=
q
4
p
2Gµµ2

Z
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1

2
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q
4
p
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Z

⇣
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Z

⌘
(2.18)
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g0s0 =
q

4
p
2Gµµ2

Ws2
⇥
1 + 1

2

�
��r + 2 �e

e

�⇤
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⇣
1 + �g

Gµ

A

⌘
(2.20)

in the (Gµ, µW , µZ) scheme.
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malised 1PI gauge boson self-energies are obtained, at 1-loop, by combining the unrenor-

malised self-energy expressions with the mass and wave function counterterms. In the

full calculation, we never introduce wave function counterterms on the internal lines, be-

cause they would systematically cancel. We exploit instead the relation in the SM between

the wave function and charge counterterms and we directly use the latter to define the

renormalised self-energies. We obtain:

⌃AA
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where ⌃V V
T and ⌃V V

R,T are the transverse part of the bare and renormalised V V vector bo-

son self-energy. The factors 2 in the AA,ZZ renormalised self-energies take into account

the contributions from both quark and lepton vertices. The AZ and ZA renormalised

self-energies include the �s2 corrections stemming from the quark and the lepton vertices

respectively. The charge counterterms have been defined in Equations (2.17-2.20). At

O(↵↵s) the structure of these contributions does not change: the corrections to the gauge

boson self-energies stem from a quark loop with one internal gluon exchange and, in addi-

tion, from the O(↵s) mass renormalization of the quark lines in the 1-loop self-energies.

We adopt the complex mass scheme [74] to define the renormalised mass of the gauge

bosons and the corresponding counterterms have been introduced in Eq.(2.15). In terms

of gauge boson self-energies, they are defined as follows:

�µ2
V = ⌃V V

T (µ2
V ) . (2.25)

at the pole in the complex plane q2 = µ2
V of the gauge boson propagator.

The expression of the 2-loop Feynman integrals needed to evaluate theO(↵↵s) correction

to the gauge boson propagators and all the needed counterterms can be found in Refs. [57,

71, 72].
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the mass counterterms are defined 
      at the complex pole of the propagator

the weak mixing angle is complex valued  c2 ≡ μ2
W /μ2
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 treatment in dimensional regularizationγ5

The absence of a consistent definition of  in  dimensions yields a practical problem

The trace of Dirac matrices and  is a polynomial in 
The UV or IR divergences of Feynman integrals appear as poles 

The evaluation of  depends on the prescription adopted to handle  in  dimensions

Prescription-dependent poles appear in the evaluation of individual Feynman diagrams, as well as finite term.

Only a consistent treatment of all the contributions to the physical cross section leads to a cancellation of all the  poles.
Additional care has to be devoted to the finite corrections.

γ5 n = 4 − 2ε

γ5 ε
1/ε

Tr(γα . . . γμγ5) × ∫ dnk
1

[k2 − m2
0][(k + q1)2 − m2

1][(k + q2)2 − m2
2]

∼ (a0+a1ε + . . . ) × ( c−2

ε2
+

c−1

ε
+ c0 + . . . )

a1 γ5 n = 4 − 2ε

ε
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  - Antisymmetric behavior under permutations is well defined in an integer number of dimensions.
    We can only specify the properties of  in the remaining  dimensions with a prescription.

  - The existence for some processes (e.g.  ) of results evaluated with different regulators offers a benchmark 

  - ’t Hooft-Veltman   treat    (anti)commuting in ( )  dimensions   preserving the cyclicity of the traces 
      (one counterterm is needed)  

  -  Kreimer   treats  anticommuting in  dimensions, abandoning the cyclicity of the traces  (→ need of a starting point)

γ5 n − 4

Γ(π0 → γγ)

γ5 4 n − 4

γ5 n

 treatment in dimensional regularizationγ5
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Γ(π0 → γγ)

γ5 4 n − 4

γ5 n

  - We can classify amplitudes according to the presence/absence of closed fermionic triangles (anomalous contributions)

  - Heller, von Manteuffel, Schabinger verified that in NNLO QCD-EW corrections to NC DY  (no closed fermionic triangles)
    the UV-renormalized  and IR-subtracted squared matrix element are identical in the two approaches

  -The spurious, prescription dependent terms stem from the product of  poles with -matrices traces
    The cancellation of the poles implies that of the spurious terms, 
          provided that the amplitude and the subtraction term are computed in a fully consistent way

  - The presence of closed fermionic triangles requires the usage of a prescription which correctly yields  their finite part

ε γ

 treatment in dimensional regularizationγ5
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